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The  cross-correlation  function,  Ar(y),  between  two  maximal 
linear  recursive  sequences  is  defined  by 


A  (y)  ■  I  (.1 )Tr<x*  +  *  ) 
r  xe6F(2n) 


for  some  r,  GCD(r,2n-l)  *  1.  Ap(y)  is  analyzed  and  evaluated  for  two 
types  of  decimation  r.  For  the  first  type,  r  e  2k  mod  2n^2-l.  It  is 
shown  that  Ar(y)  is  restricted  to  the  form 

ir(y)  -  zn/2(j-i).  o<j<j, 

where  j  is  the  number  of  distinct  solutions  to  the  system  of  two  equa- 
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tions  over  GF(2n)  and  J  is  the  degree  of  one  of  the  two  equations. 

For  the  second  type,  r  ■  (2m*<+l )/(2*V| )  and  for  this  case  Ar(y)  is 
restricted  to  the  form 

Ar(y)  -  0,  +2(n+de^/2,  0<d<m-2,  d  odd 

where  e  *  GCD(n,k)  and  d  depends  on  the  rank  of  a  quadratic  form  over 
GF(2e). 

The  explicit  evaluation  of  Ar(y)  is  equivalent  to  the  explicit 
evaluation  of  weight  distribution  of  the  (2n-l,2n)  cyclic  code  whose 
dual  code  is  generated  by  f-|(x)fr(x),  the  product  of  two  primitive 
polynomials  of  degree  n. 
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ABSTRACT 

The  cross-correlation  function,  Ar(y),  between  two  maximal 
linear  recursive  sequences  is  defined  by 

4r(y)  ■  E  {.,jTr(xy  +  xr) 
r  xeGF(2n) 

for  some  r,  GCD(r,2n-l)  =  1.  Ar(y)  is  analyzed  and  evaluated  for  two 

k  n/? 

types  of  decimation  r.  For  the  first  type,  r  =  2  mod  2-1.  It  is 
shown  that  Ar(y)  is  restricted  to  the  form 

Ar(y)  =  2n/2(j-l),  0  <  j  <  J, 

where  j  is  the  number  of  distinct  solutions  to  the  system  of  two  equa¬ 
tions  over  GF(2n)  and  J  is  the  degree  of  one  of  the  two  equations. 

For  the  second  type,  r  =  (2mk+l  )/(2k+l )  and  for  this  case  Ar (y )  is 
restricted  to  the  form 

Ar(y)  =  0,  +2^n+de^2,  0  <  d  <  m-2,  d  odd 

where  e  =  GCD(n,k)  and  d  depends  on  the  rank  of  a  quadratic  form  over 
GF(2e). 

The  explicit  evaluation  of  Ar(y)  is  equivalent  to  the  explicit 
evaluation  of  weight  distribution  of  the  (2n-l,2n)  cyclic  code  whose 
dual  code  is  generated  by  f^(x)fr(x),  the  product  of  two  primitive 
polynomials  of  degree  n. 


iii 


TABLE  OF  CONTENTS 


Page 


ACKNOWLEDGEMENTS  .  H 

ABSTRACT . . . Hi 


MULTI-VALUED  CROSS-CORRELATION  FUNCTIONS  BETWEEN 

TWO  MAXIMAL  LINEAR  RECURSIVE  SEQUENCES  ....  1 


CHAPTER  I.  INTRODUCTION  .  2 

1.  INTRODUCTION  .  2 

2.  LINEAR  RECURSIVE  SEQUENCES  .  4 

3.  CROSS-CORRELATION  FUNCTIONS  BETWEEN  2 

MAXIMAL  SEQUENCES  .  11 

4.  (2n-l,2n)  CYCLIC  CODES  .  15 

CHAPTER  II.  PROPERTIES  OF  CROSS-CORRELATION 

FUNCTIONS . 21 

1.  FURTHER  RESULTS  ON  ^(y) . 21 

2.  GREATEST  COMMON  DIVISORS  .  26 

3.  COMPUTED  RESULTS  FOR  3-,  4-  AND  5-VALUED 

Ar(y)  . . 30 

CHAPTER  III.  MULTI-VALUED  CROSS-CORRELATION 

FUNCTIONS  I . 36 

1.  PRELIMINARY . 36 

2.  Ar(y)  FOR  r  =  2k  MOD  2n/2-l . 39 

3.  COMPUTED  RESULTS  .  59 

CHAPTER  IV.  MULTI-VALUED  CROSS-CORRELATION 

FUNCTIONS  II . 64 

1.  Af(y)  FOR  r  -  (2®k+l ) / (2k+l ) . 64 

iv 


Wjwp  nwwwggggBi 


ewe*  kicks  . 


2.  COMPUTED  RESULTS  AMD  COMJECTURES  . 

73 

CHAPTER  V. 

SUMMARY  AND  COMMENTS  .  •  • 

78 

appendix  a. 

CROSS-CORRELATION  VALUES  . 

80 

appendix  b. 

INVERSE  PAIR  RELATION  OF  CYCLOTOMIC 
COSET  LEADERS  . 

99 

104 

REFERENCES 


V 


<r 


., .,  ■■■  a*"-"-'* 


MULTI-VALUED  CROSS-CORRELATION  FUNCTIONS  BETWEEN  TWO 


MAXIMAL  LINEAR  RECURSIVE  SEQUENCES 


CHAPTER  I 


INTRODUCTION 


1.  INTRODUCTION 

In  recent  years,  maximal  linear  recursive  sequences 
have  been  studied  extensively,  notably  by  Zierler ^ , 

o.id  W  H  M  M  .  M  W  CO ,  Solomon  &] ,  Golonb  S3 

SS  (  Welch  S3  ang  Trachtenberg.  S3  Maximal  linear 


recursive  sequences  have  ideal  auto-correlatlc n  values: 
C^^Ct)  ■  “1  for  til  t  i  0  and  C  (0)  ■  period  of  the 
sequence.  This  ideal  auto-correlation  property  is  useful 
in  synchronization  technique  in  communication  systems. 

Some  maximal  linear  recursive  sequences  have  uniformly  low 
cross-correlation  values  which  is  responsible  for  extensive 
application  in  spread  spectrum  communication  systems  for 

m 

multiplexing  operations . L J 

What  is  involved  in  study  of  the  cross-correlation 
functions  between  two  maximal  linear  recursive  sequences  is 
to  evaluate  explicitly  a  quantity  A^(y)  where 


A  (y)  -  l 

xcGF<2n) 


^_jjTr (xy  +  xr) . 


Generally  it  is  difficult  to  evaluate  A^Cy) 

algebraically.  However,  when  the  decimation  r  takes  on 

some  special  values,  the  explicit  evaluation  of  A^(y)  is 

possible.  Gold,  Kasaml  and  Solomon  evaluated  Ay(y)  for  the 
k 

case  r  -  2  +1,  n/GCD(n,k)  odd.  Kasami  and  Solomon  found 


2 


3 


tht  weight  distribution  formula  of  the  (2  -l,2n)  cyclic 
code  generated  by  the  polynomial  fj(x)ff(x)  via  linear 
recursion.  The  evaluation  of  weights  of  the  above  cyclic 
code  1 8  equivalent  to  the  evaluation  of  Ay(y).  Welch 
evaluated  Ar(y)  for  the  case  r  ■  22k  -  2k  +  1,  n/GCD(n,k) 
odd.  Trachtenberg  extended  the  above  two  results  to 
non-binary  cases.  He  introduced  a  quantity 

4'  <y)  -  £  „  pTr<xy  * 

1  xcGF(pn) 

where  p  is  an  odd  prime  and  p  Is  a  complex  p-th  root  of 
unity.  He  evaluated  A'r(y)  for  the  cases  r  ■  (p2k  +  1 ) / 2 
and  r  -  (p2k  -  pk  +  1),  n  odd,  r  4  p^  mod  pn-l  for  any  J. 
In  this  paper  only  the  binary  cases  are  considered. 

In  CHAPTER  I  fundamental  concepts  of  linear  recursive 
sequences  are  Introduced.  All  materials  are  discussed 
extensively  in  Q Oj  and  |l4)  .  Also  given  are  known  results 
on  3-valued  Af(y)  and  a  relationship  between  weights  of  the 
(2n-l,2n)  cyclic  code  and  cross-correlation  values. 

In  CHAPTER  II  some  properties  are  presented  on  Af(y) 
including  A_j(y).  Also  presented  are  useful  lemmas  on 
greatest  common  divisors  of  two  Integers  and  the  complete 
results  on  3-valued,  4-valued  and  5-valued  Ar(y). 

In  CHAPTER  III  Ar(y)  for  the  case  r  =  2k  mod  2n/2-l, 
GCD(r,2n-l)  ■  1,  Is  considered. 

mlt  It 

In  CHAPTER  IV  Ar(y)  for  the  case  r  -  (2  +l)/(2  +1), 

n/GCD(n,k)  and  m  odd,  Is  considered.  Also  given  are  some 


. ,  „ — — -j-i — 


Constants  c.,  c_,  ...  ,  c  are  feedback  coefficients; 
i  <  n 

ci  ■  1  if  there  is  a  tap  connected  to  the  i-th  stage  and 
c^  ■  0  if  there  it  no  tap  connected  to  the  i-th  stage. 

The  linear  recursive  sequence  {a^}  of  (1.1)  can  be  thought 
as  the  sequence  of  outputs  observed  from  the  n-th  stage. 


Initial  conditions  en,  i. .  i  .  are  pre-assigned 

with  the  k-th  stage  containing  1  <.  k  <_  n.  Contents 

of  stages  are  added  modulo  2  according  to  the  recursion 
relation  (1.1)  and  the  sum  la  fed  back  to  the  first  stage 
as  the  content  of  the  1-th  stage  la  shifted  Into  the 
(l+l)-st  stage,  1  <  1  <  n-1,  and  the  output  a^  Is  shifted 
out  from  the  n-th  stage. 

It  Is  said  that  the  sequence  {a^}  1*  generated  by  the 


s  n  .  n-1  ,  n-2 

f (x)  -  x  +  CjX  +  c 2 x  +  ...  +  cn. 


polynomial  f (x)  via  linear  recursion  where 

(1.2) 

In  this  paper  only  sequences  considered  are  those  whose 
recursion  polynomial  f(x)  la  irreducible. 

In  order  to  describe  the  sequence  { a ^ }  mathematically, 
consider  the  sequence  tb^}  defined  by  b^  -  an+j •  Then, 
the  sequence  {b^}  can  be  characterized  by  its  Z-transform 
In  terms  of  the  recursion  polynomial  f(x)  of  the  sequence 
(a.)  and  initial  conditions  an,  a.,  ...  ,  a  , .  Let  B(z) 
be  the  Z-transform  of  the  sequence  {b^}: 

B(z)  -  bQ  +  bjZ  +  b2z2  +  b3z3  +  ... 

Then,  B(z)  can  be  expressed  as  follows: 


J-l 


B  (z) 


j-l  J  1-0  n  J+i 


z  f  ( 1  /  z ) 


(1.3) 


Many  Interesting  properties  of  the  sequence  { b ^  >  can  be 


derived  by  investigating  B 


<«>.** 


However,  it  Is 


necessary  to  expand  (1.3)  If  one  is  to  determine  {b^}. 
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The  period  p  of  the  sequence  ( a^}  Is  the  snsllest 


positive  Integer  p  such  thst  s 


i+p 


for  sll  i.  In  terns 


of  the  recursion  polynomlsl  f(x),  the  period  p  is  the 

snsllest  positive  Integer  p  such  thst  f(x)  divides 

(X**  +  1).  When  p  -  2n-l,  the  polynonisl  f(x)  is  said  to  be 

prlnltlve.  Since  f(x)  is  irreducible,  the  period  p  of  the 

sequence  {a^}  some  divisor  of  (2n-l).  When  p  -  2 n— 1 , 

the  sequence  {a^}  is  said  to  be  a  maximal  linear  recursive 

sequence  or  a  maximal-length  linear  shift  register 

sequence.  The  sequence  {a^}  is  a  maximal  linear  recursive 

sequence  if  and  only  if  its  recursion  polynomial  f(x)  is 

prlnltlve.  For  the  remainder  of  this  paper,  only  the 

maximal  linear  recursive  sequence  {a  }  is  considered  and 

2n-2 

the  analysis  is  made  on  {a^J^g.  A  maximal  linear 
recursive  sequence  Is  henceforth  simply  referred  to  as  a 
maximal  sequence. 

A  more  algebraic  representation  of  a  maximal  sequence 
2n-2 

^  ®  A  >  ±  —  0  generated  by  (1.1),  which  gives  more  insight  to 


the  structure  of  such  a  sequence,  is  the  following: 


.  Gil 


ai  *  Tr^gct1) 


(1.4) 


where 


a  Is  the  root  of  f(x)  of  (1.2), 

Trn(x)  is  the  trace  linear  functional  Trn  on 

e  e 


GF(2  )  defined  by 


Tr“(x) 


.2*  22* 
X  +  X  +  X 


(n-l)e 


+  ...  +  x 


(1.5) 


and  g  is  some  element  of  GF(2  ). 


— . . .  l . -■■■  l  ■■■ 


The  element  0  ie  determined  uniquely  by  initiel  conditions 


V  *1’  ‘ 

equet ion : 


eQ_^  from  the  following  metr ix-vector 


where 


_  t  t 
D  x  ■  ^ 


»  -  1  i  *•!  i  «• 

i  ■  (*1)  •  z  ■  (y^  •  1  1 1  1  n 

A  - 

*1.1  • 

.21-1 


'1  •  *1-1 • 

a^,  a  end  0  ere  as  defined  above 

end  t  indicates  the  transpose. 

Since  the  determinant  { D |  is  a  van  der  Monde  determinant, 

a  vector  x  and  hence  0  can  be  determined  uniquely  from  £. 

Since  for  any  x,  y  e  GF(2n)  and  for  all  i, 

2*  2*  2*  2n 

(x  +  y)  ■  x  +  y  and  x  ■  x,  the  following  important 
properties  of  Tr°(x)  are  true: 

Trn(x)  e  GF(2*) 


Tr*(x  +  y)  -  Tr"(x)  +  Tr"(y) 

©  ©  © 


Trn(x2  )  ■  Trn(x) 

e  e 


2n-2 


A  maximal  sequence  {a^}^  m q  is  said  to  be  in  natural 
orientation  if  a^  ■  a.  for  all  i,  indices  reduced  modulo 
2n-l.  Such  a  sequence  does  exist  and  it  is  obtained  when 
initial  conditions  a^,  a ^ ,  ...  ,  are  given  by: 


8 


#1  -  Tr^a1)  (1.6) 

That  la,  6  ■  1  in  (l.A).  Henceforth,  when  we  consider  a 

2n-2 

maximal  sequence  {a^}^ a  ^  in  natural  orientation,  it  la 
understood  that  a^  is  given  by  (1.6)  for  all  1. 

Throughout  this  paper  a  symbol  "n"  is  reserved  to 
represent  the  degree  of  the  recursion  polynomial  f(x)  in 
(1.2)  or  equivalently  the  number  of  stages  used  to  generate 
a  sequence  (a^}.  A  notation  Tr  is  often  used  in  place  of 
Tr”.  When  a  confusion  can  arise,  Tr®  will  be  used 
explicitly. 

Given  two  Integers  r  and  q,  GCD(r,q)  la  the  greatest 
positive  Integer  that  divides  both  r  and  q,  and  LCM(r,q)  is 
the  least  positive  Integer  that  is  divisible  by  both  r  and 
q.  Given  two  polynomials  s(x)  and  t(x),  GCD ( a (x) , t (x) )  is 
the  monlc  polynomial  of  greatest  degree  that  divides  both 
s(x)  and  t(x). 

A  sequence  (b^J  Is  said  to  be  obtained  by  decimation  r 
from  a  sequence  {a^}  when  b^  ■  *ri»  indices  reduced  modulo 
2n-l.  Let  {b^}  be  the  sequence  obtained  from  { at ^ >  by 
decimation  r.  When  {a,^}  18  maximal,  (b^  is  also  maximal 
provided  that  GCD(r,2n-l)  ■  1.  If  (a^J  is  in  natural 
orientation  and  GCD(r,2n-l)  ■  1,  then  {b^}  is  also  in 
natural  orientation.  If  f(x)  is  a  recursion  polynomial 
for  (a1>,  then  h(x)  is  a  recursion  polynomial  for  {b^} 
provided  that  h(x)  is  the  minimal  polynomial  of  ar  and  o  is 
the  root  of  f (x) . 


There  ere  t(p)  integers  from  1  to  p  which  ere 


9 


relatively  prime  to  p,  where  t(p)  is  the  Euler  ♦  -  function. 
These  t(p)  Integers  form  a  group  G  under  multiplication 
modulo  p.  Let  p  ■  2n  -  1.  Then,  the  set  H  ■  {  1,  2,  2  , 
...  ,  2n_1  }  forms  a  multiplicative  subgroup  of  G.  Proper 
cyclotomic  cosets,  C^,  of  H  can  be  obtained  by  multiplying 
elements  of  H  by  an  element  of  G.  That  is, 

C1  “  81H*  81  "  1 

C2  ■  gjH,  g2  t  G  but  g2  l  Cx 

C1  "  8iH»  8i  c  G  but  8*  ^  Cj  for  a11  1  i  J  <  i 

There  are  exactly  9(2n-l)/n  proper  cyclotomic  cosets.  A 

cyclotomic  coset  C  -  rH  is  called  improper  if  GCD(r,2n-l)  i 

1,  1  <_  r  <_  2n-l.  Proper  cyclotomic  cosets  and  Improper 

cyclotomic  cosets  constitute  cyclotomic  cosets  modulo  2n-l. 

There  are  {-1  +  -  E  *(d)2n^}  cyclotomic  cosets  in  all. 

n  d  |  n 

q  and  r  belong  to  the  same  cyclotomic  coset  if  and  only  if 
there  exists  some  integer  j  i  0  <_  j  <_  n-1,  such  that 
q  =  2^r  mod  2n-l.  The  smallest  member  of  the  cyclotomic 
coset  is  called  the  cyclotomic  coset  leader. 

Let  and  be  cyclotomic  cosets  containing  q  and  r 
respectively.  Then,  is  called  the  inverse  cyclotomic 
coset  of  if  there  exists  some  integer  J*  0  <_  j  <_  n-1, 
such  that  qr  =  2^  mod  2n-l. 

Two  maximal  sequences  {b^}  and  {b ^ }  obtained  by 


* 

f 


decimations  r  and  r*  respectively  from  the  seme  maximal 

sequence  {a^}  In  natural  orientation  are  Identical  If  r 

end  r'  belong  to  the  ease  proper  cyclotomlc  coset. 

There  are  *(2n-l)/n  distinct  maximal  sequences  of 

period  2n  -  1.  They  are  generated  by  f(2n-l)/n  distinct 

primitive  polynomials  of  degree  n.  Given  one  maximal 

sequence  { a ^ ,  remaining  {♦(2n-l)/n  -  1}  maximal  sequences 

can  be  obtained  from  {a^}  by  decimations  r^,  r ^ ,  •  ••  » 

r  ,  where  r.  Is  any  member  of  the  1-th  proper 

#(2a-l)/n  1 

cyclotomlc  coset  C^. 

The  following  lemma  is  a  well  known  result  of  finite 
fields.  It  Is  often  used  in  evaluation  of  cross-correla- 
tlon  functions  between  two  maximal  sequences. 


LEMMA  1-1 s 


xcGF(2n) 


(.DTrCox)  .  { 


2  if  o  ■  0 


0  if  0  o  C  GF(2") 


•roof : 


If  a  •  0.  the  result  Is  trivial.  If  a  |*  0,  ox  is  equal  to 
each  element  of  GF(2n)  exactly  once  as  x  ranges  over 


GF(2  ).  Hence, 


xeGF(2  ) 


<-l)Tr(ox)  .  E 


(-1) 


Tr  (x) 


xeGF(2  ) 


2n 

Since  x  e  GF(2n)  if  end  only  if  x  +  x  ■  0  and 

«n  «  2n""^  2  2^ 

x  +  x  -  (x  +  x  +  ...  +  x  )(1  +  x  +  x  *  x  + 


.  .  .  +  X  ) 

Tr (x) { 1  +  Tr (x) } , 
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exactly  half  of  tha  elements  have  trace  1  and  the  othera 
have  trace  0.  Hence 

I  (-l)Tr<x>  -  0  QED 

xcGF(2n) 


3.  CROSS-CORRELATION  FUNCTIONS  BETWEEN  2  MAXIMAL  SEQUENCES 

An  auto-correlation  function  C  (t)  of  &  maximal 
_  *» 

2n-2 

aaquence  {a^}^g  is  defined  as  the  number  of  bit-by-bit 

agreements  minus  thu  number  of  bit-by-bit  disagreements 
2°_2  2n-2 

between  an<*  ^*i^i-0  *  *n^ices  reduced  modulo 

2n-l.  Then,  C<a(T)  can  be  expressed  as 

2°-2  a  a 

C  (O  -  l  (-1)  1+T(-1)  1  .  0  <  r  <  2n-2. 

M  i-0 

The  auto-correlation  function  C  (t)  of  a  maximal 

aa 

sequence  is  a  two-valued  function  as  shown  in  the  following 
well-known  theorem. 


THEOREM  1-2:  Q]  [I^ 

-1  for  x  i*  0 

C  (l>  "  {  n 

2n-l  for  t  -  0 


proof ; 

Using  (1.6),  Caa(?)  can  be  expressed  as 

C  (x)  -  2°"2  (-1)II<“1+,>(-l)Ir<“l> 
i-0 


aa 


2°-2 

-  I  (-D 
i-0 


Tr (ai+T  +  a1) 


As  i  ranges  from  0  to  2n-2,  a*  takes  on  all  non-zero 
elements  of  GF(2n)  once.  Then,  by  letting  aT  -  y  e  GF(2n), 


■MmsteMiSiiiiii 


Tr(xy  +  x) 
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C  (x)  -  E  T 

aa  xcGF(2n) 

x  i  0 

-  E  (-1)Tr(x(y+l) } 


xeGF(2  ) 
x  i  0 

-  -  1  +  E 


^jjTrUCy+l)} 


xcGF (2  ) 


Using  Lemma  1-1, 


-  { 


-1  if  y  i  1 
-l+2n  if  y  -  1 

-1  if  t  4  0 
-l+2n  if  t  -  0 


QED 


A  cross-correlation  function  0^(0  between  two 


2n-2 


2n-2 


maximal  sequences  {a^^^  and  ^bi^i-0  la  de**ned 
similarly . 

2”-2  *i+T  bi 

C  .  (t)  -  E  (-1)  1+T(-1) 

ab  i-0 

2n_2 

Let  be  a  maximal  sequence  obtained  from  {a^J^Q 

by  proper  decimation  r.  That  is,  b^  ■  a  ^  and 


2n-2 


'ab 


1 .  Then , 

2n-2 

a, ,  a 

(t)  -  E  (-1) 

i+T(-l) 

i-0 

2n-2 

-  E  (-1) 

Tr(ai+T  + 

i-0 

-  E 

(-l)Tr<Xy 

xeGF (2n) 
x  4  o 

ri 
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where  y  ■  a  .  Then, 


c.v(t)  -  -1  +  I 

*b  xcCF(2n) 


^jjTrCxy  +  xr)t 
The  following  two  theorems  ere  known. 

THEOREM  1-3:  Gold  ®  ,  Keseml  H  ^  ^  ,  Solomon  ^ 

If  r  ■  2^  +  1  end  n/e  Is  odd  where  e  ■  GCD(n,k), 
C  .  (t)  takes  on  only  three  values:  -1,  -1  ±  2^n+e^^. 

AD 

_l+2(n+e)/2  2n-e-l+2(n-e-2)/2  tlne> 


Cab(t)  -  {  -1 


2n  -  2n'e  -  1 


time s  (1.7) 


-1-2 (n+e> /2  2n-*“l.2(n-e-2)/2  tla„ 


THEOREM  1-4:  Golomb 


^  ,  Welch 


yv  V 

If  r  «  2C  -  2*  +  1  and  n/e  Is  odd  where  e  *  GCD(n,k), 
Cab(r)  takes  on  only  three  values.  The  distribution  of 
cross-correlation  values  are  again  given  by  (1.7). 


The  conjecture  ^0  that  for  n  odd  r  ■  2  ^^  +  2^  +  1 

where  d  Is  a  divisor  of  (n-1)  leads  to  the  three-valued 
C<b(T)  was  shown  to  be  false.  Some  of  the  counter-examples 
are  given  below. 


n 

d 

r 

c.b(’> 

7 

6 

73 

7-valued 

11 

2 

37 

5-valued 

11 

10 

1057  =  67 

9-valued 

13 

2 

69 

10-valued 

However,  the  Welch  s  conjecture  1 — 1  that  r  ■  2  +3 

lead*  to  the  3-valued  C  .  (t)  has  been  verified  for  n  <_  17 


Define  Ar(y)  by 

A  (y)  -  I 
r  xcGF (2n) 


(-1)Tr(xy  +  xr) 


where 


-  +  1 


T  ...  .  2n-2  ,  ,2n-2 

y  -  a  «nd  .  „  -  (Si’l-O' 


For  the  remainder  of  this  paper,  by  the  cross-correlation 
function,  we  shall  mean  Af(y)  rather  than  C#1)(t). 

Let  n(&r)  denote  the  number  of  times  A^Cy)  takes  on 
the  value  A^  as  y  ranges  over  GF(2n).  In  terms  of  A^(y) 
Theorem  1-3  and  Theorem  1-4  become: 


THEOREM  1-5: 

If  r  ■  2^  +  1  and  n/e  Is  odd  where  e  ■  GCD(n,k), 
(y)  takes  on  three  values:  0,  +2^n+e^^ 

&r  n(Ar) 

2  (n+e) / 2  2n-e-l  +  2(n-e-2)/2 

0  2n  -  2n’* 

__  (n+e) /2  ,n-e-l  _  ,(n-e-2)/2 


(1.8) 


13 

3 

73 

18-valued 

13 

4 

81 

9-valued 

I 

13 

12 

4161  =  131 

19-valued 

| 

1 

i 

i 

the  Welch* 

s  conjecture 

G3  th.t  r  -  2<”-‘)/2  +  3 

\ 

THEOREM  1-6: 


If  r  ■  2**  -2^+1  and  n/e  la  odd  where  e  ■  GCD(n,k), 
t £( y )  takes  on  three  values,  d^  and  n (d^)  are  given  by 
(1.8). 

For  the  remainder  of  this  paper,  an  analysis  Is  made 
on  d^(y)  Instead  of  C^(T). 

The  complete  evaluation  of  dr(y)  for  n  ■  3  through 
n  ■  12  has  been  carried  out  on  IBM  370  at  the  University 
Computing  Center.  For  n  •  13  through  n  "IS,  only  those 
proper  decimations  ♦■.hat  lead  to  7  or  less  distinct  cross¬ 
correlation  values  are  determined.  For  n  -  16,  only  those 
that  lead  to  5  or  less  cross-correlation  values  are 
determined.  In  obtaining  these  results,  the  author  used 
the  Fourier  transform  algorithm  developed  by  Welch. 

Table  1-1  lists  coset  leaders  of  the  cyclotomlc  cosets 
containing  r  and  r  *  where  r  Is  given  by  Theorems  1-5  and 
1-6.  Table  1-2  lists  decimations  that  result  In  3-valued 
df (y)  for  n  ■  3  through  n  ■  16  that  are  not  covered  by 
either  Theorem  1-5  or  Theorem  1-6.  Two  decimations  r  and 
r'  are  given  in  pair  as  the  cyclotomlc  cosets  containing 
r  and  r'  are  Inverse  of  each  other.  The  complete  results 
appear  In  APPENDIX  A, 

4.  (2n-l,2n)  CYCLIC  CODES 

Theorems  on  cross-correlation  values  d^  and  their 


CYCLOTOMIC  COSET  LEADERS  GIVEN  BY  THEOREMS  1-5  &  1-6 


THEOREM  1-5 

THEOREM  1-6 

k 

e 

r 

-1 

r 

r 

-1 

r 

n  ■ 

3 

1 

1 

3 

3 

3 

3 

n  ■ 

5 

1 

1 

3 

11 

3 

11 

2 

1 

5 

7 

11 

3 

n  ■ 

6 

2 

2 

5 

13 

13 

5 

n  ■ 

7 

1 

1 

3 

43 

3 

43 

2 

1 

5 

27 

13 

11 

3 

1 

9 

15 

23 

29 

n  ■ 

9 

1 

1 

3 

171 

3 

171 

2 

1 

5 

103 

13 

59 

3 

3 

9 

57 

57 

9 

4 

1 

17 

31 

47 

87 

n  * 

10 

2 

2 

5 

205 

13 

79 

4 

2 

17 

181 

79 

13 

n  * 

1 1 

1 

1 

3 

683 

3 

683 

2 

1 

5 

411 

13 

315 

3 

1 

9 

231 

57 

413 

4 

1 

17 

365 

143 

43 

5 

1 

33 

63 

95 

151 

n  ■ 

12 

4 

4 

17 

241 

241 

n  - 

13 

1 

1 

3 

2731 

3 

2 

1 

5 

1639 

13 

3 

1 

9 

911 

57 

4 

1 

17 

1453 

241 

5 

1 

33 

1243 

287 

6 

1 

65 

127 

191 

n  ■ 

14 

2 

2 

5 

3277 

13 

4 

2 

17 

2893 

241 

6 

2 

65 

2/7  3 

319 

n  ■ 

15 

1 

1 

3 

10923 

3 

2 

1 

5 

6555 

13 

3 

3 

9 

3641 

57 

4 

1 

17 

1935 

241 

5 

5 

33 

993 

993 

6 

3 

65 

3529 

575 

7 

1 

129 

255 

383 

TABLE  1-1 


17 

2731 

635 

723 

171 

1691 

1245 

1339 

205 

979 

10923 

2523 

575 

3671 

33 

57 

4791 


■.-.r'r.L—A-: 
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INVERSE  PAIRS  OF  COSET  LEADERS  GIVING  3-VALUED  y) 


9 

19  - 

27 

10 

25  - 

41 

49  - 

107 

11 

35  - 

117 

107  - 

249 

13 

67  - 

367 

71  - 

347 

14 

113  - 

145 

193  - 

1613 

15 

131  - 

4815 

1371  - 

2033 

TABLE  1-2 


! 
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distribution  n(Ar>  as  y  ranges  over  GF(2n)  can  be 
translated  to  theorems  on  weight  w  and  weight  distribution 
n(w)  of  a  (2n-l,2n)  cyclic  code. 

Let  C  be  the  (2  -l,2n)  cyclic  code  generated  by  the 
polynomial  fj(x)ff(x)  via  linear  recursion.  That  is,  C  is 
the  (2  -l,2n)  cyclic  code  whose  generator  polynomial  ^ 
is  given  by: 

(x2  _1  +  l)/x2nf1(l/x)fr(l/x) 

where 

f^(x)  1 s  the  minimal  polynomial  of  a*  and  a  is 

a  primitive  element  of  GF(2n). 

Then,  given  a  codeword  a  -  (aQ,  a^  &2 . a  n  )  in  C, 

there  exist  two  elements  c  and  d  in  GF(2n)  sucl/that  the 

Mattson -Solomon  polynomial  associated  with  a  is  given  by 

g£(x)  -  Tr(cx)  +  Tr(dxr)  and  a±  -  g^a1).  Note  that 

c  -  0  -  d  corresponds  to  the  case  w(a)  -  0  and  c  -  0,  d  +  0 

°r  c  i  0,  d  -  0  corresponds  to  the  case  w(a)  -  2n~1. 

The  non-zero  weight  w  and  the  weight  distribution  n(w) 

of  the  (2  - 1 , 2n)  cyclic  code  C  are  related  to  A  and  n(A  ) 

r  r 

as  follows: 

w  -  (2n  -  Ar)/2 

n(w)  ■  (2  1 ) n ( A r )  for  Af  i  0  (1.9) 

n(w)  -  (2n  -  1 ) { n ( A  )  +  1}  for  A  - 

r  r 

The  minimum  weight  wmin  of  C  is  given  by: 

Wmin  "  {2°  "  max  Ar(y)>/2. 

y 


o 


In  terms  of  cyclic  codes.  Theorem  1-5  and  Theorem  1-6 
become  : 

The  (2n-l,2n)  cyclic  code  generated  by  the  polynomial 
fj(x)ff(x)  via  linear  recursion  is  a  tri-weight  code  with 
the  following  weight  distribution  for  non-zero  weight. 


w 

n(w) 

n-1  _  2 (n+e-2) /2 

(2°  - 

^^n-e-l  +  2  (n-e-2)  /2 

n-1 

(2°  - 

1 ) (2n  -  2n-c  +  1) 

n-1  +  2 (n+e-2) /2 

(2n  - 

^^n-e-l  _  2  (n-e-2)  /2 

where 

u  2k  k 

r  -  2*  +  1  or  r  -  2*  -  2  +  1  , 


e  -  GCD(n.k) 


CHAPTER  II 


PROPERTIES  OF  CROSS-CORRELATION  FUNCTIONS 

1.  FURTHER  RESULTS  ON  Ar(y) 

In  this  section,  we  derive  some  results  on  L^(y)  . 

The  first  three  lemmas  are  the  direct  results  of  the 
structures  of  finite  fields.  Proofs  are  omitted. 

LEMMA  2-1: 

2k 

Af(y)  ■  Ar(y^  )  for  all  k. 

LEMMA  2-2: 

If  r  and  r'  belong  to  the  same  proper  cyclotomic 
coset ,  Ar(y)  -  (y)  for  all  y. 

LEMMA  2-3: 

If  two  proper  decimations  r  and  r*  are  such  that 
r*r'S  2k  mod  2n-l,  Ay(y)  -  Ar,(y“r). 

LEMMA  2-4: 

Ay (y)  =  0  mod  A  for  all  y  and  r,  GCD(r,2n-l)  ■  I. 
proof  : 

Let  N(l,j)  be  the  number  of  times  the  ordered  pair 
(Tr(xy)  ■  i  and  Tr(xr)  ■  j}  occurs  as  x  ranges  over  GF(2n). 
Both  mappings  x  -*■  xy,  y  t*  0,  and  x  •+■  xr,  GCD(r,2n-I) 

21 


tknflfJwAVi! 


i. a. 
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■  1,  permute  elements  of  GF(2n).  Since  exactly  half  of  the 
elements  have  trace  1  and  the  others  have  trace  0,  the 
following  4  equalities  hold. 

N (0 , 0)  +  N (0 , 1 )  -  2n” 1 
N ( 1 , 0)  +  N ( 1 , 1 )  -  2n_1 
N(0,0)  +  N  ( 1 , 0)  -  2n”1 
N (0 , 1 )  +  N ( 1 , 1 )  -  2n-1 
which  Imply 

N (0 , 0)  -  N (1 , 1 ) 

N(1,0)  -  N (0 , 1 ) 

N(0,0)  and  N(1,0)  are  both  even  or  both  odd. 

From  the  definition  of  the  cross-correlation  function, 
Ar(y)  -  { N (0 , 0)  +  N (1 , 1 ) }  -  { N ( 1 , 0)  +  N  (0 , 1 ) } 

-  2{  N  (0 , 0)  -  N  ( 1 , 0)  }  . 

Since  N(0,0)  and  N(1,0)  are  both  even  or  both  odd, 

(N(0,0)  -  N ( 1 , 0) }  is  even.  Hence,  A^(y)  =  0  mod  4. 

Clearly  Af(y)  ■  0  when  y  ■  0.  QED 

In  view  of  Lemma  2-4,  A^Cy)  exhibits  interesting 
characteristics  for  r  -  2n  *  -  1 ,  Since  2r  =  -1  mod  2 n— 1 , 
Ar (y)  for  r  ■  2n  '  •  1  is  a  cross-correlation  function 
between  a  maximal  sequence  and  its  reverse  sequence.  In  [16] 
Dowling  and  McEliece  gave  the  bound  on  A_^(y).  They 
applied  the  result  on  exponential  sums  in  finite  fields 
given  by  Carlitz  and  Uchiyama.  ^ ^ 


I  E  exp{  —  Tr  (xy  +  x"1 )  >  |  <  2.p  /2 

xcGF (p°)  P 

x  4  0 

where 

y  e  GF(pn). 

Letting  p  -  2, 

I  j  (-i)Tr<xy  +  x"l)i 

xeGF (2n) 
x  i  0 

-  U.jCy)  -Ml  2(n+2>/2 

Hence , 

-2  (n+2 )  /  2  +  j  ^  A_1(y)  <.  2(n+2)/2  +  1  (2.1) 

Since  =  0  mod  A  for  n  even,  we  have 

-2 (n+2)/2  +  A  <  A.^y)  <  2(n+2)/2  ,  n  even  (2.2) 

Let  L  denote  the  number  of  distinct  values  that 
n 

A_^(y)  takes  on  as  y  ranges  over  GF(2n). 

It  has  been  verified  that  the  bounds  on  (y)  given 
by  (2.1)  and  (2.2)  are  extremely  tight  for  n  <_  18  as  shown 
in  Table  2-1.  For  n  odd,  the  largest  and  the  smallest 
values  between  the  bounds  of  (2.1)  which  are  of  the  form  AK 
are  attained  by  A  ^ (y)  for  some  y.  For  n  even,  both  the 
upper  and  the  lower  bounds  of  (2.2)  are  attained.  Further¬ 
more,  since  L  **  {max{A  .  (y)  }  -  min{A  ,(y))}/A  +  1  for  all 
n  <_  18,  A  j(y)  takes  on  all  values  of  the  form  AK  between 


the  bounds  of  (2.1). 


CROSS-CORRELATION  VALUES  OF  REVERSE  SEQUENCES 


n 

2<n+2)/2 

max{ A  ,(y)} 

min{ A_j (y) } 

L 

n 

*  JL 

y 

y 

3 

5.7 

A 

-A 

3 

A 

8 

8 

-A 

A 

5 

11.3 

12 

-8 

6 

6 

16 

16 

-12 

8 

7 

22.6 

20 

-20 

11 

8 

32 

32 

-28 

16 

9 

A5.3 

AA 

-AA 

23 

10 

6A 

6A 

-60 

32 

11 

90.5 

88 

-88 

A5 

12 

128 

128 

-12A 

6A 

13 

181.02 

180 

-180 

91 

1A 

256 

256 

-252 

128 

15 

362.0 

360 

-360 

181 

16 

512 

512 

-508 

256 

17 

72A.  1 

72A 

-720 

362 

18 

102A 

102A 

-1020 

512 

TABLE  2-1 
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is  necessary  to  evaluate  the  term 
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£  £ 
X1  X2 


Tr (xf  +  x*  +  . .  +  x5 ) 
(-1)  1  2  k 


x,  +  x«  +  . .  +  x,  -0 
12  k 

However,  it  is  not  trivial  to  evaluate  the  above  sum. 

Let  C  and  C'  be  the  <2n-l,2n)  and  the  (2n-l , 2n-2n-l ) 

cyclic  codes  whose  generator  polynomials  are 

(x2  *  +  1 ) /x2nf ^ ( 1 /x) f  (1 /x)  and  f^(x)fr(x)  respectively 

Let  a^  and  b^  be  the  number  of  codewords  of  weight  1  in 

C  and  C'  respectively.  Since  C*  is  a  subcode  of  a  cyclic 

Hamming  code,  ■  0  ■  b^.  Therefore,  following  power 

fl§] 

moment  identities  of  Pleas  LJ  must  hold. 

£Ja  -  22n“1(2n-l) 

J  2 

£J2a.  -  22n“2(2n-l)2n  -  23n'2(2n-l) 

J  J 

These  two  power  moment  identities  and  two  identities  of 
Lemma  2-5  become  identical  with  the  substitution  of  j  for 
w  and  a^  for  n(w).  The  two  quantities  w  and  n(w)  are  as 
given  in  (1.9) 


2.  GREATEST  COMMON  DIVISORS 

For  Ar(y)  to  be  a  legitimate  cross-correlation 
function  between  two  maximal  sequences,  it  is  necessary  and 
sufficient  that  GCD(r,2n-l)  ■  1.  Hence,  in  the  analysis  of 
Ar (y)  for  some  r,  it  must  first  be  shown  that  GCD(r,2n-l) 

■  1.  However,  for  the  remainder  of  this  paper,  when  Ar(y) 


27 


is  mentioned  and  no  specific  form  is  assumed  for  r,  it  is 
understood  that  GCD(r,2n-l)  -  1.  The  following  three 
lemmas  are  well  known  results  on  greatest  common  divisors. 

LEMMA  2-6: 

CCD<2n,-l12"-l)  -  2GCB("'n>  -  1 

LEMMA  2-7: 

GCD (2m+l , 2n- 1 )  ■  1  if  and  only  if  n/GCD(m,n)  is  odd. 

LEMMA  2-8: 

?mk+l  « 

If  m  and  n/GCD(n,k)  are  both  odd,  GCD(  i  1 ,2-1)  -  1. 

2k  +  1 

Lemma  2-7  was  assumed  in  Theorems  1-3  and  1-5. 

Lemma  2-8  with  m  ■  3  was  assumed  in  Theorems  1-4  and  1-6 
3k  k  9  k  k 

since  (2  +l)/(2  +1)  ■  2  -  2  +1.  Using  Lemmas  2-6  and 

2-7,  it  is  easy  to  show  that  the  following  decimations  are 


all  proper. 

That  is, 

GCD(r1,2n-l)  - 

1 

• 

rl 

■ 

2n/2+l 

-  1 

n 

s 

0 

mod 

4 

(2.3) 

r  2 

m 

<2n/4- 

l)(2n/2+l)  +  2 

n 

= 

0 

mod 

4 

(2.4) 

r  3 

m 

2n/2  + 

3 

n 

= 

0 

mod 

2 

(2.5) 

r4 

m 

2n/2  + 

2*1/2-!  _  j 

n 

= 

2 

mod 

4 

(2.6) 

2n/?+2 

r5 

m 

-  3 

n 

= 

0 

mod 

2 

(2.7) 

rfi 

m 

2n/2+2 

+  2n/2  -  3 

n 

0 

mod 

2 

(2.8) 

In  CHAPTER  III  4  (y)  for  these  6  decimations  are 

ri 


analyzed . 
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In  CHAPTER  IV  decimations  of  the  form  (2mk+l) / (2k+l ) 
for  m  and  n/GCD(n,k)  odd  are  considered.  However,  due  to 
Lemma  2-3,  some  results  can  be  obtained  on  3-valued  Ar(y) 

for  decimations  of  this  type.  For  m  ■  n  odd,  d^Cy)  is  a 

3-valued  function  as  given  in  the  following  lemma. 

LEMMA  2-9: 

For  n  odd  and  r  ■  (2nk+l) /(2k+l) ,  Ar(y)  takes  on  3 
values.  Both  and  n(dr)  are  given  by  (1.8). 
proof : 

n  k 

From  Lemma  2-8,  GCD(r,2  -1)  ■  1.  Let  r'  ■  2  +1.  From 

Lemma  2-7,  GCD(r'  ,2n-l)  -  1.  rr'  -  2nk  +  1  =  2  mod  2n-l. 

The  result  follows  immediately  from  Theorem  1-5  and 
Lemma  2-3.  QED 


In  order  to  find  the  multiplicative  inverse  of 
r  -  22k  -  2k  +  1  -  (23k+l)/(2k+l)  modulo  2n-l  when 
GCD(n,3)  *  1,  consider  the  following. 

Let  m'  be  the  multiplicative  inverse  of  3  mod  n.  m' 
exists  if  and  only  if  GCD(n,3)  *  1.  m'  is  odd  if  n  is 
even.  If  n  is  odd,  m*  can  be  even  or  odd. 

Define  m  so  that 

m  ■  m*  when  m'  is  odd  and 

(2.9) 

m  ■  n  -  m'  when  m'  is  even. 

Note  that  m  is  always  odd. 

Now  consider  r*  ■  (23km+l )  /  (23k+l )  where  m  is  given 
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by  (2.9).  Then, 


23k+l  23k"+l 


23km+l 


2k  +1  23k  +1  2k  +  1 


When  hi*  Is  odd,  3m  ■  310'  ■  1  +  qn  for  some  q. 
2k+qnk  .  ,k,,n.qk,, 

r-r'  -  2-r - ±1  -  M2  )  +1  =  1  moi  2n-l 

2*  +  1  ‘ 


2k  +  1 


When  m'  is  even,  3m  -  3(n-m')  -  3n  -  (1+qn)  -  -1  +  (3-q)n 


for  some  q 


2“k+(3-q)nk+1  ^  2~k ( 2n)  (3“q) k+l 


2k  +  1 


2k  +  1 

_  2  k  +  1  .  _  n 

_  r -  mod  2  -1 

2  +  1 

...  «n-k  .  _n  , 

=  2  mod  2  -1 


Let  3k  =  J  mod  n  and  define  t  so  that 
t  -  n-j  when  j  >  (n-l)/2  and 

t  -  j  when  j  <  (n-l)/2 


(2.10) 


For  this  choice  of  t,  r'  -  (23km+l ) / (23k+l )  and 

r  ■  (2  +l)/(2  +1)  belong  to  the  same  cyclotomic  coset 

modulo  2n- 1  and  r-r"  =  21  mod  2n-l  for  some  i.  Since 
GCD (n , 3)  -  1,  GCD(n.k)  -  GCD(n,3k)  -  GCD(n,t).  Hence,  the 
following  lemma  follows  directly  from  Theorem  1-6  and 
Lemma  2-3. 


LEMMA  2-10: 

Suppose  GCD (3 , n)  -  1,  GCD(t,n)  -  e  and  n/e  is  odd. 
Let  r  ■  (2  +l)/(2  +1).  Then,  (y)  takes  on  3  values. 

A^,,  and  n(Ar„)  are  given  by  (1.8), 
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where 

m'  when  a'  ie  odd 

n  -  { 

n  -  m*  when  m'  ie  even 
m'  is  the  multiplicative  lnveree  of  3  mod  n. 

3.  COMPUTED  RESULTS  FOR  3-,  4-  and  5-VALUED  Ar(y) 

Before  proceeding  to  CHAPTER  III,  we  give  the  complete 

results  on  proper  cyclotomic  coset  leaders  r  that  lead  to 

3-valued ,  4-valued  and  5-valued  cross-correlation  functions 

Ar(y)  for  n  <  16.  They  are  listed  in  Tables  2-2,  2-3  and 

2-4  respectively.  Two  coset  leaders  r  and  q  are  given  in 

pair  if  rq  =  2*  mod  2n-l  for  some  i,  0  £  i  <  n-1.  If 
2  i  n 

r  r  2  mod  2  -1  for  some  i,  0  <_  1  <_  n-1,  the  coset  leader 

r  is  given  by  Itself.  The  letters  following  coset  leaders 

give  theorems,  lemmas  and  conjectures  that  explain  the 
corresponding  Ar(y).  The  following  notations  are  used: 

A  -  Theorem  1-5  B  -  Theorem  1-6 

C  -  Theorem  2-9  D  -  Theorem  2-10 


E  -  Conj .  4-5 

(1) 

F  -  Conj . 

4-5 

(2)  or  (3) 

G  -  Conj.  4-5 

(4) 

H  -  Conj  . 

4-5 

(5) 

J  -  Theorem  3- 

6 

K  -  Theorem  3- 

7 

L  -  Theorem  3- 

5 

M  -  Theorem  3- 

8 

N  -  Conj.  4-6 

(5) 

0  -  Lemma 

4-1 

P  -  Conj.  4-3 

Q  -  Conj . 

4-4 

R  -  Conj .  4-6 

(1) 

S  -  Conj  . 

4-6 

(2) 

T  -  Conj .  4-6 

(3) 

U  -  Conj. 

4-6 

(4) 

n  ■ 


n  • 


n  ■ 


n  ■ 


n 


n  ■ 


n  ■ 


n  ■ 


n  ■ 


3-VALUED  Ar(y) 
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3  3ABCDEF 


5 

3ABD 

-  UBCD 

5AF- 

7CE 

6 

SA 

-  13BGH 

7 

3AB- 

43CD 

5A  - 

27C 

9  A  - 

15C 

1 1DE- 

13B 

23B  - 

29DF 

| 

9 

3AB- 

171C 

5A  - 

103C 

9  A  - 

57BC 

13B  - 

59 

17A  - 

31C 

19EF- 

27 

47B  - 

87 

1 

i 

i 

J 

10 

5A  - 

205 

13BD- 

79BD 

17A  - 

181 

1 

25  - 

4 1H 

49G  - 

107 

i 

i 

f 

11 

3AB- 

683CD 

5A  - 

41 1C 

9  A  - 

J 

231C 

I 

13B  - 

315D 

17A  - 

365C 

33A  - 

i 

63C 

35E  - 

117 

43D  - 

143B 

57B  - 

413D  1 

95B  - 

151D 

107  - 

249F 

f 

l 

\ 

J 

12 

17A  - 

241B 

1 

13 

3AB- 

2731CD 

5A  - 

1639C 

9  A  - 

i 

9 1 1 C 

13B  - 

635D 

17A  - 

1453C 

33A  - 

1243C 

57B  - 

7  2  3D 

65A  - 

127C 

6TE  - 

367 

7 IF  - 

347 

1 7 ID  - 

24  IB 

191B  - 

1245D 

287B  -  1 69 ID 


> 

i 

\ 


u-^.ax:». 


•"-" . 
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n  ■  14 

5A  - 

3277 

13B  -  1339D 

17A  -  2893 

65A  - 

2773 

113  -  145H 

193G  -  1613 

205D  - 

24 1 B 

319B  -  979D 

n  ■  15 

3AB- 

10923C 

5A  -  6555C 

9A  -  3641C 

13B  - 

2523 

17A  -  1935C 

33A  -  993BC 

57B  - 

575B 

65A  -  3529C 

129A  -  255C 

131E  - 

4815 

24 IB  -  3671 

383B  -  4791 

1371  - 

2033F 

TABLE  2-2 


■Ihifcilt,  ■»  . a. 
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4-VALUED  Af(y) 


n  ■ 

4  7  JK 

n  ■ 

8  31 J  - 

91L 

53K 

n  ■ 

12  127 J  - 

1387L 

457K 

n  • 

16  51 1J  - 

21931L 

3857K 

7399L 

11093L  - 

13133L 

TABLE  2-3 


9947L 
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5-VALUED  Af(y) 


vO 

■ 

a 

11M  - 

23L 

n  ■  8 

19M  - 

47L 

23L  - 

6  IN 

n  -  9 

110PS 

-  93P 

23R  - 

25RT 

43P  - 

1O70P 

1O90P 

n  *  10 

35M  - 

95L 

101L  - 

157L 

n  -  11 

110Q- 

189Q 

25  - 

87 

37  - 

83 

47R  - 

49R 

81  - 

139 

1210Q- 

423Q 

141  - 

363 

17 1 Q  - 

2O50Q 

187  - 

427 

2210Q- 

343Q 

229  - 

295 

2350Q- 

429Q 

311 

n  -  12 

67M  - 

191L 

73  - 

731 

253N  - 

599L 

n  -  13 

110Q- 

7450Q 

19S  - 

485 

43Q  - 

381Q 

95R  - 

97R 

113T  - 

363 

147  - 

949 

161  - 

973 

2O50Q- 

9190Q 

225  - 

405 

4450Q- 

4970Q 

4  8  3  Q  - 

1645Q 

631  - 

1707 

683Q  - 

1643Q 

749Q  - 

1367Q 

869Q  - 

1461Q 

939Q  - 

953Q 

n  -  14 

1 3 1M  - 

383L 

n  -  15 

110P- 

2979 

43P  - 

7  65P 

113U  - 

1451 

17  IP  - 

5557 

191R  - 

193R 

2O50P- 

4965 

683P  -  5805P  8930P-  3229  995  -  19430P 


1119  -  3543 
2295P  -  3755 
2981  >  5463 
5813P 

259M  -  767L 


1275P  -  6605P 
2521  -  6827 

3643  -  6557P 

383L  -13261L 


1913P  -  2895P 
273  IP  -  3277P 
5783P  -  6567P 

102  IN  -  9949L 


TABI/.,  2-4 


CHAPTER  III 


MULTI-VALUED  CROSS-CORRELATION  FUNCTIONS  I 

1.  PRELIMINARY 

As  mentioned  In  CHAPTER  I,  generally  It  is  difficult 

ft 

to  evaluate  A^(y)  algebraically.  The  case  r  ■  2  +  1, 

n/GCD(n,k)  odd,  has  been  solved  by  Gold,  Kasami  and 

2k  k 

Solomon.  The  case  r  ■  2  -  2  +1,  n/GCD(n,k)  odd,  has 

been  solved  by  Welch.  In  this  chapter  ve  consider  the 
case : 

k  m 

n  *  2n  and  r  =  2  mod  2  -1. 

It  can  be  shown  that  A^(y)  is  restricted  to  the  form: 
Ar(y)  -  2in(J-l),  0  j  <_  J  for  some  J. 

J  Is  the  number  of  distinct  solutions  to  two  equations 
over  GF(2n).  Hence,  the  upper  bound  J  for  Ar<y)  can  be 
determined  immediately  by  finding  the  degrees  of  equations. 
In  general,  however,  equations  are  of  high  degree  and  the 
explicit  evaluation  of  Af(y)  is  not  trivial. 

As  mentioned  in  CHAPTER  II,  the  following  six 
decimations  are  analyzed  in  Section  2  of  this  chapter. 


2n/2+1  -  I 

n 

= 

0 

mod 

4 

(3.1) 

(2n/A-l) (2n/2+l)  +  2 

n 

= 

0 

mod 

4 

(3.2) 

+ 

CM 

c 

CM 

n 

= 

0 

mod 

2 

(3.3) 

2n/2  +  2n/2— 1  _  t 

n 

= 

2 

mod 

4 

(3.4) 

2n/2+2  .  3 

n 

= 

0 

mod 

2 

(3.5) 
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r6  -  2n/2+2  +  2n/2  -  3  n  =  0  mod  2  (3.6) 

They  are  analyzed  In  Theorems  3-6,  3-7,  ...  ,  3-11 
respectively. 

In  Section  3  computed  results  are  listed.  Before  the 
main  theorem  of  this  chapter,  Theorem  3-5,  is  introduced, 
we  consider  the  two  preliminary  lemmas  and  two  results  in 
solving  equations  over  GF(2n). 


LEMMA  3-1: 

When  n  ■  2m,  non-zero  element  x  of  GF(2n)  can  be 
represented  as  x  -  aB,  where  a  e  GF(2m),  a  t*  0,  and  B  is 
(2°+l)-st  root  of  unity  in  GF(22°). 


proof : 


2m, 


Let  x  e  GF ( 2  ) ,  x  i  0. 

22m  b  2m"1(2m  +  1)  +  2m_1 (2°  -  1) 

22m  2m”1(2m+l)  2m"1(2m-l) 

X  ■  X  *■  X  *x 


2°“i  (2m+n 

Letting  o  ■  x  '  ’  and  B 


2m-l /2m-i ) 

x  '  ,  it  is  easy  to 


n  hi 

see  that  *  ■  1  and  hence  a  e  GF(2m)  and  that  6  + 


i. 


To  show  the  uniqueness  of  the  representation,  let  u  be 
a  primitive  element  of  GF(22m).  Then,  elements  a  and  B  can 
be  expressed  as 

_  _  ,.(2m+l )  i  .  .  ,  ,m 

and  B  -  u(2  “1)J,  j  -  1,  2,  ....  2m+l . 

Assume  that  there  exist  elements  a,  B,  a'  and  B'  such 


that  aB  ■  x 


a’  B* .  This  says  that  given  some  i  and  j, 
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there  exist  (2®+l)s  ■  a'  end  (2®-l)t  ■  8'  such  that 
<2®+l)i  (2n- 1 ) J  _  (2m+l) s  (2n-l ) t 

which  Implies 

(2®+l)i  +  (2®-l)j  =  (2®+l)s  +  (2®-l)t  mod  22®-l. 
(2®+l ) (i-s )  =  (2®-l)  (t-J )  mod  22®- 1  (3.7) 

Let  i  s  without  loss  of  generality.  Note  that 
0  <_  (i-s)  £  2®-2  and  |t-j|  <_  2®.  From  (3.7)  we  have 
(2®+l ) (i-s )  -  (2®-l )  (t-J )  +  k (22®- 1 ) 

-  (2®-l ) { k (2®+l )  +  (t-j)}  (3.8) 

for  some  k,  k  ■  0  or  k  ■  1.  (3.8)  implies  that 

LCM(2®+1,2®-1)  <  (2®+l) (2®-2)  -  22®  -  2®  -  2 . 

But  since  GCD (2®+l , 2®- 1 )  •  1,  we  must  have 

LCM(2®+1 ,2®-l)  -  (2®+l ) (2®-l )  -  22®  -  1. 

This  is  a  contradiction.  The  only  way  in  which  (3.8)  holds 
without  contradiction  is  i  ■  8,  t  ■  J  and  k  -  0.  Or  a  ■  o' 
and  $  m  .  QED 


LEMMA  3-2: 

Let  n  -  2m,  a  e  GF(2®)  and  8  e  GF(22®). 

Tr2®(o8)  -  Tr®{a(B  +  B2  )}. 
proof : 

2m  2“"1 

T r  .® ( a 8 )  -  E  (oB)^ 

J  “0 

m-1  2m- 1  -J 

-  I  (aB)  +  E  (aB) 

J"0  J  ■  m 


Then 
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m-1 

2J  n-1 

£ 

(aB)  +  £ 

(aB) 

J-0 

J-0 

m-1 

2J  “-1 

£ 

(aB)  +  £ 

(aB 

J-o 

J-0 

m-1 

2m  2J 

£ 

{o (B  +  8  )) 

J-0 

Tr®{ 

2n 

a(B  +  8  )} 

2J2» 


QED 


In  order  to  derive  an  explicit  formula  for  Af(y) ,  It 
becomes  necessary  to  find  the  number  of  distinct  solutions 
to  the  equations  over  GF(2n)  .  Following  two  lemmas  are 
useful  in  finding  the  number  of  solutions. 

LEMMA  3-3:  McEliece  ^ 

2k  n 

The  equation  x  +  x  -  y,  y  e  GF(2  ),  k  <  n,  has 

0  tl  6 

either- no  roots  or  2  roots  in  GF(2  ).  It  has  2  roots 
if  and  only  if  Tr”(y)  -  0,  where  e  ■  GCD(n,k). 


LEMMA  3-4 : 

A  polynomial  g(x)  is  a  repeated  factor  of  a  polynomial 
f(x)  if  and  only  if  g(x)  divides  GCD(f (x) , f ’ (x) ) ,  where 
f'(x)  is  the  formal  derivative  of  f(x). 


2.  dr(y)  FOR  r  H  2k  MOD  2n^2-l 


The  crux  for  analyzing  this  type  of  Ar(y)  is  the 


following  theorem,  which  was  suggested  by  Welch. 


MMiMimatMMMifcMi 


ftjtl  4.'. 


Jiua-.  -tmniii.MiMi.n  h  Vnnifr  i '  i>,  mi ,i L.rtutf 


wwwww 
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THEOREM  3-5: 


If  n  -  2d,  GCD(r,2n-l)  -  1  and  r  =  2k  mod  2m-l  for 
some  k,  0  <  k  <  m-1,  then  Ar(y)  -  2n(J-l),  0  <  j  <  J,  for 
some  J  and  J. 
proof : 

Vy>  *  £  „  <-DTr<xy  +  xI) 

xeGF(2n) 

- 1  +  t  (-uTr(xy  +  xI> 
xeGF(2n) 
x  i  0 


Using  Lemma  3-1,  let  x  -  a0  where  a  e  GF(2“),  a  4  0,  and 


02  +1  -  1,  0  e  GF(22“).  Then, 


A  (y)  "  1  +  1  2«  E  »  <_1> 

0eGF(2^m)  oeGF(2n) 

2b+1  “  *  0 
0Z  -  1 


Tr2“{(ya0  +  ar0r)} 


Furthermore,  let  r  =  s  mod  2™+! . 

Tr2“(ya0  +  ar0r)  -  Tr2“(ya0  +  o2  08) 


-  Tr2“{yuB  +  (a2  08)2  } 

-  Tr2“{ya0  +  a0®2  } 


Substituting  this  into  the  above, 


M y)  -  1  +  l 


0cGF (2  )  aeGF(2  ) 


(-D 


Tr2®{a(y0  +  0®2  k) } 


2n+l 

0*  -  1 


a  i4  0 


m  ak  o  oh 

Since  there  are  2+1  (2  +l)-st  roots  of  unity  in  GF(2  ), 


the  above  reduces  to: 


A  (y)  ■  1  +  I  n  2  _  (-D 

r  6cGF(22m)  aeGF(2m) 

B2“+1  -  1 


Tr2“{a(yB  +  B®2  )} 


-  <2m  +  1). 


From  Lemma  3-2 , 

Tr2“{a(yB  +  8®2  *) ) 

-k  ,m  .m  9m.o“k 

-  Tr“{o(yB  +  8  2  +  y2  82  +  82  ®  )> 

-  Tr“{a(yB  +  B®2  +  y2  8“  +  8“  )>• 

Note  that  (y8  +  6®2  +  y2  8  1  +  8  ®2  )e  GF (2°) .  Let 

2m 

N  (y)  denote  the  number  of  distinct  solutions  8  in  GF(2  ) 
8 

to  (3.9)  and  (3.10). 


2®  -1  -s2~k 

y6  +  8  2  +  yZ  8  +  8  -  0 

2®+l 

8-1 


(3.9) 


(3.10) 


where 


y  e  GF(22m). 


A  (y)  -  -2“  +  Z  E 

r  BeGF(22°)  aeGF(2m) 


82°+1  -  1 

,-k  ,m  .  _«-k 

Tr®{a(y8  +8®  +  y  8  +8  )} 

(-1)  1 


Then  using  Lemma  1-1  • 


Ar( y)  -  -2®  +  2mN8(y) 
-  2°{Ng (y)  -  1} 


(3.11) 
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Raising  (3.9)  to  the  power  2  ,  ve  obtain 

-k  ,k  m+k  ,k 

y  6  +  6  +  y  a  +  B  -  0. 

Multiplying  by  B^  and  raising  to  the  power  2*  for 

some  J  and  i,  the  above  equation  can  be  transformed  to 


the  form: 


where 


*1  *2  *3 

ZjB  +  z20  +  z3g  +  z4  -  0 


(3.12) 


e^,  e ^  and  are  non-negative  integers  with  at 
least  one  odd  e^  and  z^  is  some  power  of  y. 

Let  ®max  "  Biaxtei*  e2*  e3J*  Note  that  emax  - 2  *“ax{  I  8  I  *  ^  • 

Then  A  (y)  <  2m(e  -  1)  since  (3.12)  can  have  at  most 
r  —  max 

2m 

emax  roots  ^or  ®  in  GF(2  ).  This  upper  bound  on  Ar(y) 

gives  the  bound  on  the  minimum  weight  of  the  corresponding 
2m 

(2  -1,4m)  cyclic  code. 

From  (3.11),  min  A  (y)  -  -2n.  This  gives  the  upper  bound 

y 

on  the  weight  of  the  cyclic  code. 

wmax  -  (22m  +  2m)/2  0.14) 

From  (3.11),  A  (y)  is  negative  if  and  only  if  N  (y)  ■  0. 

^  P 

In  view  of  Lemma  2-5,  there  must  exist  at  least  one  y  in 
2m 

GF(2  )  such  that  (y )  ■  0.  This  implies  that  the  upper 

bound  in  (3.14)  is  always  achieved. 

Therefore,  if  n  «  2m,  GCD(r,2n-l)  -  1,  r  s  2k 
mod  2m-l  and  r  =  s  mod  2m+l,  the  following  bounds  must 
hold  for  Af(y)  and  weight  w  of  the  corresponding  (22n-l,4m) 


■  MWWEwyn  v ! [  '»'y  w i^m<m,  >-' >t i-»i  TTfry 
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cyclic  code.  Furthermore,  the  lower  bound  for  ^^(y)  and 
the  upper  bound  for  w  are  always  attained. 


-2"  <  4t(y)  i  -  1) 

2n-l  m-1  .  .2«-l  ,  „  <  22m-l  +  2<n-l 

max  —  — 

(3.16) 

e  Is  itself  bounded  by: 
max 

e  <  2 • max{ I s I , 2^} . 
max  —  ' 

We  are  now  In  a  position  to  analyze  decimations  (3.1) 
through  (3.6).  They  are  considered  in  Theorems  3-6  through 
3-11  respectively. 


>m 


(3.15) 


THEOREM  3-6: 


If  n  :  0  mod  4,  n  ■  2m  and  r 


,m+l 


-  1,  Ar(y)  is  a 


4-valued  function.  and  n(Ar)  are  given  by: 


2 

2 

0 

-2 


r 

m+1 

m 


m 


proof : 


n  (Ar) 


(22m-l  .  2— i)/3 


22m-l  _  2m-l 


(22"  -  2a)/3 


From  (2.3),  GCD(r,2n-l)  -  1. 

r  -  2 ( 2 m  -  1)  +  1  =  1  mod  2m-l 
r  -  2(2m  +  1)  -  3  =  -3  mod  2m+l 
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With  k  ■  0,  s  ■  -3  and  n  ■  2m,  (3.9)  becomes: 


ye  +  e"3  +  y2  e"1  +  e3  -  o  (3 . 1 7 > 

Multiplying  (3.17)  by  63, 

e6  +  ye4  +  y2  e2  +  i  -  o  (3. 18) 

Raising  (3.18)  to  the  power  2  *  or  equivalently  2n  *,  Ng(y) 
becomes  the  number  of  distinct  solutions  8  in  GF(2^®)  to 
(3.19)  and  (3.20): 

o  ,0-1 

(3.19) 


3  k  2  y 

e  +  y6  +  y  8  +  1-0 


2m+l 

8-1  (3.20) 

Since  (3.19)  is  of  degree  3,  it  can  have  no  root,  one 
root  or  three  roots.  Suppose  (3.19)  has  three  distinct 
roots:  6j,  82  and  63*  Furthermore,  suppose  Bj  and  B2 
satisfy  (3.20).  Then,  since  ® j 8 2 8 3  -  1, 


,2®+l 


-1 , 2+1 


2®„2®V2®+1 


8 j  -  c <81b2)  Ti  -  (Bj  e2  ) 

2®+l  2m  2m+l  2® 

-  (ef  1 )  (e2  V  -  1. 

This  says  that  8^  also  satisfies  (3.20).  Therefore, 

N  (y)  -  2  if  and  only  if  there  exist  one  repeated  root  of 

P 

multiplicity  2  and  another  root. 

Let  N  be  the  number  of  times  N  (y)  -  i  as  y  ranges 

1  P 

over  GF(22®) . 

3  k  2  2W“1 

Let  f(B)  -  6  +  y^B  +  y  6+1  and  f’(6)  b&  its 


formal  derivative.  From  Lemma  3-4,  g(B)  la  a  repeated 
factor  of  f(8)  if  and  only  if  g(B)  divides  GCD(f (8)  ,  f '  (8) ) • 
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2  2  1 

f ’(B)  -  +  yl 

By  the  Euclid's  algorithm,  It  is  easy  to  show  that 

2®+i 

GCD  (f  (g ) ,  £  '  (8  )  )  ■  constant  if  y  i  1  and 

2  2m-^  2m+l 

GCD(f (B),f ’(B))  -  B  +  y  if  y  -  1. 

2m+l 

Hence,  f(g)  has  a  repeated  factor  if  and  only  if  y  -  1. 
2n+l 

Now,  let  y  -1  and  factor  f(g). 

L  2m“^  2 

f (e)  -  (6  +  y*)(e  +  y  ) 

Note  that  f($)  ■  0  has  a  repeated  root  of  multiplicity  3 

.  h  2m“2 

when  y  -  y  or 

2m-l 

y  -  y  (3.21) 

(3.21)  says  y  e  GF(2m  * ) .  Since  y  e  GF(22m)  and 
GCD(2m,m-l)  -  1,  y  e  GF(22m)  fl  GF(2®”1)  -  GF(2).  Hence, 
f(6)  »  0  has  a  repeated  root  of  multiplicity  3  if  and  only 
if  y  -  1. 

Therefore,  f(0)  ■  0  has  one  repeated  root  of 


multiplicity  2 

2®“2 

■i  -  ** 

(3.22) 

and  another  root 

b2  “  y 

(3.23) 

2m+l 

if  and  only  if  y^  ■  1 ,  y  +  1 . 

The  root  given  by  (3.22)  satisfies  (3.20)  since 

2m+l 

y  -  1.  The  root  given  by  (3.23)  satisfies  (3.20)  since 

2®xi  — 

y  -  1  and  2  does  not  divide  2+1. 


f  S’ 


IH'VOMWUPy  J*  +  *17**. **+**+’ f  «*»»<»>» W»tWgl  * 


Therefore,  N  (y)  ■  2  and  A  (y)  ■  2  if  and  only  if 
«n , .  * 

y^  ■  1 ,  y  j*  1 .  Since  there  exist  2B+1  (2B+l)-at  roots 

2  D  B 

of  unity  Including  a  unit  element  in  GF(2  ),  N,  ■  2  . 

Using  Lemma  2-5,  the  following  equalities  must  hold. 


2B+1-N3  +  2n2m  -  2“.N0  -  22b 

22o+2.N3  +  22b2B  +  22b.N0  -  2Ab 
Dividing  (3.24)  by  2B  and  (3.25)  by  22b,  we  obtain 
2-N3  -  Nq  -  0 
4*N3  +  NQ  -  2 2b  -  2® 

Solving  for  Nq  and  N3  in  (3.26)  and  (3.27), 

Nq  -  (22“  -  2“)/3 
N3  -  (22”"1  -  2B"1)/3 


(3.24) 


(3.25) 


(3.26) 

(3.27) 


Since  N0  +  Nj  +  N2  +  K3 


2U. 


N,  -  22"  -  (22b  -  2*)/3  -  2"  -  (22""1  -  2"-‘)/3 
-  22”'1  -  2*”1  OED 


THEOREM  3-7: 

If  n  ■  4m  and  r  ■  (2B-1 ) (22b+1 )  +  2,  Af(y)  is  a  4- 
valued  function.  Ar  and  n(Ar)  are  given  by: 


n(Ar) 


24m-l  _  23m-l 

23«  -  2m 
24m-l  _  23m-l 


>roof : 
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From  (2.4),  GCD(r,2  -1)  -  1. 
r  5  2  mod  22b+1 

r  -  (2B-1)((2®+1) (2b-1)  +  2}  +  2 
-  <22m-l)(2B-l)  +  2B+1 
=  2B+1  aod  22b-1 

With  k  -  m+1,  s  -  2  and  n  ■  4m,  (3.9)  becomes: 

,-a-l  «2m  .  - _«-m-l 


yB  +  8 


2*2 


,-m 


22b  -1  -2*2 

+  y  B  +  8 


-  0. 


2  2  -1  -2 
Or  yB  +  6  +  y  B  +  B  -  0 

(3.10)  becomes: 

22b+1 

B  -  1 


(3.28) 


which  Implies 


2  2 
B  and  B 


-m 


,“2 


(3.29) 


Using  (3.29),  N.(y)  Is  the  number  of  distinct  solutions  B 

P 

In  GF(24“)  to  (3.30)  and  (3.31) 

22b  -1  -1  2B 
yB  +  y  B  1  +  (6  +  8  )  -  0 


(3.30) 


2m 

2  +1 

8  -  1 


(3.31) 


2m, 


First,  consider  the  case  y  e  GF(2  ).  (3.30)  becomes: 

-1  -1  2b 

y(B  +  B  )  -  (6  +  6  )  (3.32) 

Clearly  B  ■  1  satisfies  (3.32)  and  (3.31).  Hence,  we  now 
consider  the  equation: 


y  -  (B  +  B-1)2  _1,  y  e  GF(22m) 


(3.33) 


We  will  show  that 


1.  There  exists  no  solution  to  (3.33)  and  (3.31)  if 

i  2m+l  .  . 

y  ■  1  or  y  f  1 . 
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2.  There  exist  2  distinct  solutions  to  (3.33)  and 

2*+l 

(3.31)  if  y  -  1,  y  +  1. 

Raising  (3.33)  to  the  power  2™+l , 

2n+l  tc  j.  0-1n22b-1  1 

y  -  (8  +  8  )  -  1. 

2®+l 

Hence,  there  is  no  solution  to  (3.33)  if  y  +  1 . 

Next,  let  y  ■  1  in  (3.33). 

-1  2b-1 

1  -  (8  +  8  V 


(3.34) 


This  says  that  (8  +  8  *)  ■  6  for  some  6  t  GF(2m),  6  i  0. 


Multiplying  8  on  both  sides, 

82  +  68  +  1  -  0. 


(3.35) 


Transform  (3.35)  by  introducing  a  new  variable  u: 

.-la 
u>  ■  6  8 

Then  8  *  6u  and  (3.35)  becomes: 

2  2  2 

6  w  +  6  w  +  1  -  0. 

Or  u>2  +  u  ■  6  2  (3.36) 

Raising  both  sides  of  (3.36)  to  the  power  2*  and  adding 

i  •  0,  1,  ...  ,  2m-l,  we  obtain: 

2m-l  9  »i  2m-l  _  -i 

Z  (u  +  «)*  -  E  (6_,V  .  (3.37) 

i  -  0  i  -  0 


(3.37)  reduces  to: 

22m  X  7-  2m,.»2. 

u>  +  (ij  ■  Tr  j  (6  ). 

Note  that 

Tr21“(6"2)  -  Tr2“(6"1)  -  2*Tr“(6-1)  -  0 
since  6  *  e  GF(2°) . 

Hence,  u  c  GF(22m).  Since  8“6w,  this  Implies  that 


- 


0  e  GF(22m).  However,  6  -  1  is  the  only  solution  to  (3.31) 
2m 

in  GF (2  ).  Clearly  6  -  1  Is  not  a  solution  to  (3.34). 

Hence,  there  Is  no  solution  to  (3.34)  and  (3.31). 

u  2m+l  .  ,  , 

Now,  suppose  y  ■  1,  y  p  1. 

2m_ i  2n 

Let  y  ■  w  ,  u  t*  0,  u  e  GF(2  ).  Furthermore,  suppose 

2m-l  2m-l 

y  -  u)  satisfies  (3.33).  Then,  y  ■  6w  satisfies 

(3.33)  for  6  c  GF(2m),  6  +  0.  Now  consider  the  equation: 

6  +  8_1  -  6uj .  (3.38) 

Multiplying  (3.38)  by  6  on  both  sides, 

02  +  6ui0  +  1  ■  0.  (3.39) 

Setting  0  ■  ( 6  co )  X ,  transform  (3.39)  to: 

( 5w) 2  X  2  +  ( 6w) 2  X  +1-0. 

Or  X2  +  X  -  ( 6 oj ) ~ 2  (3.40) 

From  Lemma  3-3,  (3.40)  has  2  solutions  for  X  and  therefore 
2  solutions  for  0  to  (3.39)  and  (3.31)  If  and  only  if 

Tr2“{(6(o)  2}  -  Tr2“{(6u>)  1 }  -  1 

and  Tr^m{(6ai)  2}  -  0. 

Clearly  Tr^m{(6oj)  2}  -  0  for  all  6  e  GF(2°)  and  for  all 
u  e  GF(22m). 


Note  that 

Tr2lm{(6_1u)"1)} 


0  for  2m  *-l  choices  of  6 
1  for  2™  *  choices  of  6 


or  Tr2”{(6  *)}  -  0  identically. 

Since  Tr2™{(6  *)}  -  Tr°{  6  *  (u  *  +  ui  2  )}, 

-  0  identically  if  and  only  if  w  *  -  u 


Tr2“{  (6~V1)} 
2m 


or  u  ■  u 


But 


50 
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Again  let  N.  denote  the  number  of  times  N- (y)  ■  i  as 

1  P 

y  ranges  over  GF(2^®).  Then,  from  Lemma  2-5,  we  must  have: 


3m 

-UJ  , 

-,2m 

_  2m 

.Am 

• 

2  + 

2 

N2 

-  2  '"o 

-  2 

6m 

„m 

_  Am 

-Am  .. 

-8m 

• 

2  + 

2 

N„ 

+  2  *  N_ 

■  2 

Solving  for  N2  and  Nq, 

N2  -  Nq  -  24®-1  -  23®"1 . 

Hence , 

N j  -  24“  -  (2®  +  N2  +  Nq)  -  23®  -  2®.  QED 


THEOREM  3-8: 

If  n  ■  2m  and  r  ■  2®  +  3 ,  Af(y)  Is  at  most  a  5-valued 
function . 


ar<y)  "  > .  0  <  j  I  4. 

proof : 

From  (2.5),  GCD(r,2n-l)  -  1. 
r  =  22  mod  2®-l 
r  =  2  mod  2®+l 

With  k  ■  2,  s  ■  2  and  n  ■  2m,  (3.9)  becomes: 

.  .  2 • 2 ~ 2  .  2®  -1  .  -2 • 2 ” 2  _ 

y8+6  +  y  8  +8  -0. 

Raising  to  the  power  2*, 

2  2  2  ^  o  i 

y  6  +  8  +  y  B-  +  6  -  0. 

2 

Multiplying  by  8  ,  N  (y)  becomes  the  number  of  distinct 

P 

2m 

solutions  8  in  GF(2  )  to  (3. A3)  and  (3.AA): 

24  3  2®+* 

y  8  +  8  +  8  +  y  -  0  (3. A3) 


.mAiimKiiiiiiKin  iim'n  utitHAiiaih 
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2B+1 

r  -  1  (3.44) 

Hence ,  &r(y)  -  2m{Ng(y)  -  1}  where  Ng(y)  -  0,  1,  2,  3  or  4. 

QED 

A  further  analysis  can  be  made  for  this  case. 

m  2° 

First,  consider  the  case  y  c  GF(2  ).  Since  y  -  y, 
(3.43)  becomes: 

y204  +  83  +  8  +  y2  -  0.  (3.45) 

(3.45)  can  be  factored  to  become: 

y2  (8  +  1 ) 2  ( 8 2  +  y"20  +  1)  -  0.  (3.46) 

Clearly  0  •  1  is  a  solution  to  (3.46)  and  (3.44).  Now 

consider  the  second  factor  of  (3.46): 

02  +  y"20  +1-0  (3.47) 

(3.47)  has  either  no  root  or  two  distinct  roots.  Transform 

(3.47)  by  introducing  a  new  variable  u>: 

u  -  y20  (3.48) 

_2 

Then  0  -  y  o>  and  (3.47)  becomes: 

(y"2)2w2  +  (y”2)2w  +1-0.  (3.49) 

L 

Multiplying  (3.49)  by  y  ,  we  obtain: 

uj2  +  u  -  y^  (3.50) 

In  order  to  have  solutions  for  u>  in  (3.50)  and  hence 
solutions  for  0  in  (3.47)  which  also  satisfy  (3.44),  we 
must  have: 

Tr“(y4)  -  Tr®(y)  -  1 
and  Tr2“(y4)  -  Tr2“(y)  -  0. 
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This  follows  again  from  Lemma  3-3,  for  if  Tr™(y)  ■  0,  two 


roots  for  u  ir  (3.50)  belong  to  GF(2n)  and  hence  two  roots 


for  6  in  (3. 47)  belong  to  GF(2m).  But  (3.44)  has  only  one 
solution  in  GF(2°),  namely  0-1.  Clearly  0  ■  1  is  not  « 
root  of  (3.47). 

Since  Tr2®(y)  -  0  for  all  y  c  GF(2m),  (3.47)  has  two 
distinct  roots  for  0  if  and  only  if  Tr°(y)  ■  1. 

To  show  that  two  roots  of  (3.47)  satisfy  (3.44), 
suppose  Tr^(y)  ■  1.  Repeatedly  raising  (3.50)  to  the  power 
2*  and  adding  i  ■  0,  1,  ...  ,  m-1,  we  obtain: 

m- 1  „  „i 

E 

1-0  i-0 

(3.51)  reduces  to: 


2  2 *  m_ ^  4  9^ 

E  (u>  +  u) >  -  E  (y 


(3.51) 


2™  m 

a)  +  u  -  Tr“(y)  ■  1 


-2  2 

Since  0  ■  y  u ,  0 


“  ,  -2.2°  2m  -2  2 
■  (y  )  u  ■  y  a: 


m 


(3.52) 

Using  (3.50) 


and  (3.52), 


,2n+l 


,  “2.2  2 
(y  )  woo 


m 


-4 


u  (ui  +  1)  -  1  . 


Therefore,  for  y  e  GF(2  ) 


Ng(y)  -  1  when  Tr“(y)  ■  0 


and  Ng(y)  “  3  when  Tr“(y)  -  1. 

Next,  consider  the  case  y  e  GF(22m)  -  GF(2m) 
Multiplying  (3.43)  by  y”2,  we  obtain: 

g*  +  y-2B3  +  y”2  g  +  y2 (2m-l )  .  Q 


(3.53) 


(3.54) 


....  A.  ,  Ml  .1-1 


MMMMIMMaaiUMaiHMSM  Jl 
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Suppose  (3.54)  has  4  distinct  roots:  8^,  6 3  and  8^, 

From  (3.54)  we  have 

8  8  fi  fi  -  v^2--1) 

B1B26384  y 


or 


ft  -  (*  ft  a  x*l  2(2®-l) 

84  -  (01B2e3)  y 


Furthermore,  suppose  8^,  82  and  83  satisfy  (3.44) 

-1  2® 

(8^283)  -  (8^263)^ 


and  8 


2®+l 


Then, 


(8 


2m*l  l'*l  2m+l.2'  2{2ln-l)  .  , 
1  p2  p3  '  y  1 


Hence,  8^  also  satisfies  (3.44).  This  Implies  that  if 
Nn(y)  ■  3,  (3.54)  must  have  2  distinct  roots  and  one 

P 

repeated  root  of  multiplicity  2. 

Assume  (3.54)  has  a  repeated  root  8j.  Dividing  (3.54) 
2 

by  (8  +  Bj)  ,  we  obtain: 

<b2  +  y'2e  +  ejxe  +  Bj)2  +  (b2  +  i)y"28 
+  y2<2"-»  +  Bj  ■  0 


Hence,  we  must  have 

(ej  +  1)  -  0 

2 (2®-l )  .4 

V  '  '  m  9, 


(3.55) 


(3.56) 


2®-l 


(3.55)  says  8^  ■  1,  which  in  turn  implies  y  -  1  from 


(3.56).  This  says  y  c  GF(2®). 

Hence,  if  y  c  GF(22®)  -  GF(2®), 


Ng  (y)  i  3. 

Finally  combining  (3.53)  and  (3.57),  we  obtain: 


(3.57) 
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Ng(y)  -  3  and  dr(y)  -  2®+1 

if  and  only  if  y  c  GF(2m)  and  Tr®(y)  ■  1. 

For  the  case  y  e  GF(22m)  -  GF(2n),  (3.54)  can  be 
transformed  to  a  more  standard  form  by  introducing  a  new 
variable  o: 

o  -  (6  +  l)'1  (3.58) 

Then,  the  number  of  distinct  solutions  8  to  (3.54)  and 

(3.44)  is  equal  to  the  number  of  distinct  solutions  o  in 

GF (22m)  to  the  system  of  two  equations: 

4  2  2 

oH  +  Ao  +  Ao  +  Ay  *0 

2“ 

a  +o-l 

where 

A  -  (y  +  y2  )~2,  y  c  GF(22m)  -  GF (2m) . 

Furthermore,  it  is  conjectured  that  the  following 
distribution  holds  for  m  >  2. 


n(Ar)  for  m  odd 

n (dr)  for  m  even 

m 

(22m-3  .  2"»-2)/3 

(22m-3  .  2.-l)/3 

m+1 

2m-l 

2m-l 

m 

1 

8 

CM 

1 

CM 

1 

8 

CM 

CM 

CM 

1 

8 

CM 

CM 

(22m  +  5-2m_1)/3 

<22"  +  2m‘1)/3 

m 

3 (22m_3  -  2m~2) 

(3 • 22m-2  -  2"'1) 
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REMARK:  If  n  ■  2n  and  r  -  22®-1  -  2®"1  +  1,  Ar<y)  ia  at 
moat  a  5-valued  function.  For  the  proof,  let  r'  •  2®  +  3. 
Then , 

2 •  r •  r*  -  (22®  -  2®  +  2)(2®  +  3) 

i  (3  -  2®) (3  +  2®)  mod  22®-l 

s  23  mod  22o-1. 

The  desired  result  follows  directly  from  Lemma  2-3  and 
Theorem  3-8. 

As  an  alternative  proof,  consider  the  following.  For 
this  decimation  r,  It  Is  easy  to  show  that  r  =  1  mod  2®-l, 
r  =  2  mod  2®+  1  and  hence  GCD(r,22®-l)  ■  I.  With  k  ■  0, 

s  ■  2  and  n  -  2m,  (3.9)  becomes: 

2  2®  -1  -2 

yB  +  8*  +  yL  0  1  +  8  *  -  0 

2 

Multiplying  the  above  by  8  ,  we  get: 

4  3  2® 

8  +  yB  +  y  8  +  1  ■  0 

Therefore,  Af(y)  ■  2®(j-I),  0  J  4 . 

THEOREM  3-9; 

If  n  =  2  mod  4,  n  ■  2m  and  r  ■  2®  +  2®  *  -1,  Ar(y)  is 
at  most  a  6-valued  function. 

Ar(y)  -  2®(j-l)  .  0  <  J  <  5. 

proof : 

From  (2.6),  GCD(r,2n-l)  -  1. 
r  =  2®  mod  2®-l 
r  5  2®  *  -  2  mod  2®+l 
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With  k  ■  m-1,  a  •  2®’  -2  and  n  ■  2m,  (3.9)  becomes: 

(2n’1-2)2‘“+1  2“  -1  -(2tt“1-2)2”°+1 
y0  +  B  +  y  0  +  B 

„  ,l-2-+2  .  2*.-l  ,  -d-2-B+2)  n 

-  y0  +  0  +  y  0  +6  "0 


Since  0 


2®  -1  -2® 
■  0  and  0  ■  0  t 


»m  ,-m+2  9m  .  i  o-®+2 

y0  +  8(0  )  +  y  8  +  0  (0  ) 

2^  2m  -1  -I  -2  2 

-  y0  +  0*0  +  y  8  +  8  -0 

5  2®  -1  -5 

-  y8  +  B  +  y  8  +  8  -  0 


Multiplying  by  0  , 


10  .  6  2 “4  .  .  n 

0  +y0  +y  0  +1-0 


Raising  to  the  power  2  , 


5  .  la  3  .  2m”102  .  .  n 

0  +  y  0  +  y  0  +1-0 


THEOREM  3-10: 

If  n  -  2m  and  r  •  2®+2  -  3,  Af(y)  is  at  most  an  8- 

valued  function. 

ar(y)  -  2°(j-l),  0  <  j  <  7. 

proof : 

From  (2.7),  GCD(r,2n-l)  -  1. 

r  -  4 (2m-l)  +1=1  mod  2m-l 
r  -  4(2°+l)  -  7  =  -7  mod  2°+l 

With  k  -  0,  s  -  -7  and  n  -  2m,  (3.9)  becomes: 

-7  2b  -1  7 

y0+0  +  y  0  +0  -0 

Multiplying  by  02, 

01*  +  y 08  +  y2  06  +  1  «  0 


0 


QED 


Raising  to  the  power  , 

7  W  4  2®”^  3 

B  +  y^B  +  y  B  +  1  - 

REMARK:  Computed  results  indicate  that  for  n  ■  2o  ■  4m' 

n + 2 

and  r  ■  2  -  3,  A  ^  (y )  is  at  most  5-valued. 

4r(y)  -  2°(j-l),  j  -  0,  1,  2,  3  or  5. 

REMARK:  When  n  ■  8,  a  further  Improvement  can  be  made  on 
Theorem  3-10. 


r 

1 

23*2 

Let  r’  -  23. 

Then  r’ 

=  23  mod 

15  and  r '  =6  mod  17. 

With  k  -  3, 

8  ” 

6  and 

n  *  2*4 , 

(3.9)  becomes: 

yB 

+ 

86’2"3 

2A  -1 
+  y  B 

-6*2~3 

+  B  -  0 

yfi 

+ 

e3’2'2 

24  -1 
+  y  B 

+  6-3'2'2  -  0 

Since  e17  • 

1, 

B_1  - 

2A 

B  and  B 

-  B-2*. 

yB 

+ 

(b"2S 

3‘2’2  +  y2 

A-1  2A3*2~7 

b  1  +  (r  r  1  -  o 

yB 

+ 

B-12  + 

,‘V1  + 

812  -  0 

yB 

+ 

B5  +  y 

‘V1  +  S' 

5  -  0 

Multiplying 

by 

B3  and 

then  raising  to  the  power  2 

e5 

+ 

y^B3  + 

y8B2  +  1 

-  0 

Hence , 

423<y 

-61)  - 

861(y)  - 

24(J-1),  0<  J  <  5. 

0  <  j  <  5 


THEOREM  3-11: 


3.  COMPUTED  RESULTS 

Table  3-1  gives  the  cyclotomic  coset  leaders  given  by 

(3.1)  through  (3.6),  which  are  considered  In  Theorems  3-6 

through  3-11  respectively.  Table  3-2  gives  the  actual 

values  of  N„(y)  ■  (A  (y)/2m  +  1).  It  is  observed  that  the 
p  r 

bounds  given  by  Theorems  3-8  and  3-9  are  tight  whereas  the 
bounds  given  by  Theorems  3-10  and  3-11  are  not. 

For  n  -  12  and  n  ■  14,  there  exist  many  other 
decimations  which  are  not  covered  by  6  theorems  of  the 
previous  section.  Degrees  of  (3.9)  that  result  from  those 
decimations  art*  found  to  be  high.  However,  the  computed 
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results  Indicate  that  values  which  A  (y)  takes  on  are 

r 

restricted.  With  2  exceptions,  r  ■  331  and  r  -  631  for 
n  -  12,  A^(y)  for  which  r  =  2^  mod  2n^-l  are  seen  to  be 
7-valued  or  less.  Table  3-3  lists  all  decimations  of  this 
type  for  n  ■  4  through  n  ■  14.  The  number  in  parentheses 
following  decimation  r  is  the  number  of  distinct  values 
that  A^(y)  takes  on. 


CYCLOTOMIC  COSET  LEADERS  GIVEN  BY  (3.1)  THROUGH  (3.6) 


n 

4 

6 

8 

10 

12 

14 

16 

rl 

7 

31 

127 

511 

r2 

7 

53 

457 

3857 

r3 

7 

11 

19 

35 

67 

131 

259 

r4 

11 

47 

191 

r5 

7 

23 

61 

125 

253 

509 

1021 

r  6 

11 

53 

157 

317 

637 

1277 

TABLE  3-1 
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NUMBER  OF  SOLUTIONS  TO  (3.9)  and  (3.10),  N0(y) 

P 


rl 

0 

1 

2 

3 

r2 

0 

1 

2 

2 

nM+i 

r  , 

0 

1 

2 

3 

4 

for 

n 

> 

6 

3 

r4 

0 

1 

2 

3 

4 

for 

n 

- 

6 

0 

1 

2 

3 

4  S 

for 

n 

m 

10, 

14 

r  5 

0 

1 

2 

3 

for 

n 

- 

4 

0 

1 

2 

3 

4 

for 

n 

- 

6 

0 

1 

2 

3 

5 

for 

n 

- 

8, 

12 

0 

1 

2 

3 

4  5 

for 

n 

■ 

10, 

14 

r6 

0 

1 

2 

3 

4 

for 

n 

■ 

6, 

10 

0 

1 

2 

5 

for 

n 

- 

8 

0 

1 

2 

3 

4  5  6 

for 

n 

m 

12, 

14 

TABLE  3-2 


MUMI 
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DECIMATIONS  OF  TYPE 

2k  MOD 

2n/2-l 

n  ■  4 

7(4) 

n  ■  6 

11(5) 

23(5) 

n  -  8 

19(5) 

23(5) 

31(4) 

47(5) 

53(4) 

61(5) 

91(4) 

n  -  10 

35(5) 

47(6) 

95(5) 

101(5) 

109(6) 

125(6) 

157(5) 

221 (6) 

343(6) 

n  -  12 

67(5) 

71(6) 

79(7) 

127(4) 

191(5) 

197(7) 

253(5) 

317(7) 

319(7) 

331(8) 

347(7) 

379(7) 

443(7) 

457(4) 

473(7) 

599(5) 

631(8) 

701(6) 

757(6) 

821(7) 

823(7) 

827(7) 

1387(4) 

n  ■  14 

131(5) 

143(7) 

191(6) 

383(5) 

389(7) 

397(6) 

413(6) 

445(6) 

509(6) 

637(7) 

667(7) 

763(6) 

893(7) 

905(7) 

953(6) 

1145(7) 

1147(7) 

1151(6) 

1175(6) 

1207(6) 

1271(6) 

1399(6) 

1405(6) 

1429(6) 

1525(7) 

1655(7) 

1715(6) 

1907(6) 

1909(6) 

1913(7) 

2429(6) 

2477(7) 

2669(6) 

2671(7) 

2675(7) 

2683(6) 

2731(6) 

2923(7) 

3431(6) 

3437(7) 

3445(6) 


TABLE  3-3 


CHAPTER  IV 

MULTI-VALUED  CROSS-CORRELATION  FUNCTIONS  II 


l.Ar(y)  FOR  r  -  (2®k+l)/(2k+l) 

In  this  chapter  ve  consider  A^(y)  for  the  case 

r  -  (2®k+l)/(2k+l) ,  m  and  n/GCD(n,k)  both  odd. 

From  Lemma  2-8,  GCD(r,2n-I)  -  1.  It  can  be  shown  that 

the  form 
(n+de) /2 


Ar(y)  is  restricted  to  the  form: 


Ar(y) 


0,  ±2 


where 


e  ■  GCD(n,k) 

and  d  is  a  some  positive  odd  integer. 

Given  r  -  <2®k+l ) / <2k+l) 

-  2(-l)k  _  2 (m-2)k  +  _  -  2k  +  1, 

consider  q  -  {2m(n"k)+l }/{2(n’k)+I } 

.  2-(m-l)k^ 2 (m-l)n  _  2k2(m-2)n  +  22k2(m-3)n 

-  ...  -  2(B'2)k2n  +  2(m-l)k) 

=  2-<-l>kU  -  2k  +  22k  -  ...  +  2<‘-1>k) 

mod  2n-l. 

This  says  that  r  and  q  belong  to  the  same  proper  cyclotomlc 
coset.  Hence,  to  determine  A^ty)  for  some  k,  it  suffices 
to  consider  only  those  k  such  that  2k  <_  n  for  n  odd  and 
2k  ^  (n  -  2)  for  n  even.  Furthermore,  note  that 
2B+]n  =  2b  mod  2n-l 

(2(n-m)k+l)/(2k+1)  .  2'mk( l+2Bk) / (2k+l)  mod  2n-l 

Therefore,  in  determining  Af(y),  it  suffices  to  consider 
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■  - - 
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3  <  m  <  n/2,  2k  <_  n  -  2  for  n  even 

(4.1) 

and  3  <  m  <  n,  2k  £  n  for  n  odd. 

The  case  m  ■  3  reduces  to  the  Welch's  case,  Theorem 
1-6.  The  case  m  ■  n  odd  Is  considered  in  Lemma  2-9.  The 
case  In  which  3m  =  ±1  mod  n  and  GCD(3,n)  ■  1  is  considered 
in  Lemma  2-10. 

In  CHAPTER  II  it  was  shown  that  if  GCD(3,n)  -  1,  the 

3k  k 

multiplicative  Inverse  of  r  -  (2  +l)/(2  +1)  can  be  given 

by  r"  ■  2s(2mt+l) / (2C+1 )  for  some  s  where  m  and  t  are 
given  by  (2.9)  and  (2.10)  respectively.  Similarly,  if 
GCD(m,n)  ■  1,  the  multiplicative  inverse  of  r  ■ 

(2m^+l ) / (2k+l )  mod  2n-l  can  be  given  by 

r"  -  2®(2  K  +l)/(2  +1)  for  some  s 


where 


m*m'  =  1  mod  n 
j  =  m*k  mod  n 

n  -  m'  when  m*  is  even 
m'  when  m'  is  odd 

n  -  j  when  j  >  (n-l)/2 


m"  -  { 


and  k"  -  { 


J 


when  j  <  (n-l)/2 


For  the  analysis  of  A^(y)  of  this  type,  we  follow  the 
same  arguments  used  by  Welch  when  he  proved  Theorem  1-6. 

*  <-,>**«»  ♦  ,«*k+‘>'«k*»> 


a  (y) 


xcGF ( 2  ) 


From  Lemma  2-7,  GCD ( 2^+1 , 2n- 1 )  ■  1.  Hence,  a  mapping 


•UlMHlii 


■>  mm 
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2^+1  n 

x  4  x  permutes  elements  of  GF(2  ).  Then, 


A,(y)  “  e 


(-DTri<yx2k+1  +  *2*k+1) 


xeGF (2  ) 


Let  e  -  GCD(n,k).  Then,  It  Is  easy  to  show  that 
Tr°(x)  -  Tr*{Tr^(x)} 

Let  x  e  GF(2n).  Then,  the  element  x  can  be  expressed 


In  the  form 


x  •  E  x.o. 
1-1  1  1 


where 


x£  e  GF(2*) 
oA  e  GF(2n) 

and  {Oj,  o2,  ...  ,  °n/e)  the  basis  of  GF(2n)  over 

GF(2*) . 


Then , 


n  n  «/• 

Tr , (x)  -  Tr,{  E  x.o.) 

1-1 


Expanding  x 


-  Tr*{Tr”{  E  x.o,}} 

1  *  1-1 

e  n/e  n 

-  Tr*{  E  x  Tr”(o.)} 

1  1-1  18  x 

2ak+l 

n/e  «mk  n/e 


2mk+i  n/e  2»k  n/e 

x  -  {  E  x  o.}  {  E  x  o.} 

1-1  11  j-1  3  J 

n/e  2mk  2mk  n^e 

-  {  E  xT  a.  }  E  x  o. 
1-1  1  1  J-1  J  J 


n/e  2mk  n/e 

{  1  Xi°l  ^  1  *j04 

1-1  11  j.i  J  J 
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‘  M  ‘‘Vl  *1 

Define  Q(x)  by: 

Q(x)  -  Tr"(yx2k+1  +  x2”^1) 


where 


y  e  GF(2n)  . 


n  0 *  .Dk 

Q(x)  -  Tr.ty^  x^c,  0j  +  ^  Vj«*  c ,) 

'  Tr'{i!j  xtxj <yalk°j +  "fv’ 

2k  ?mk 

•  *  X1^J  Tre<5'°l  °j  +  °i  »j) 


'  tf,  X1XJ ’ 5iJ 


where 


n  2k  2®k 


6ij  "  Tre(y0i  aj  +  ai  °j)  E  GF(2e>- 
Hence,  Q(x)  is  a  quadratic  form  over  GF(2e). 

A  quadratic  form  with  coefficients  in  GF(2e)  can  be 
reduced  to  one  of  the  following  2  canonical  forms:  H3  GB 
lyp«  It  QF  -  XjX2  +  ...  ♦  x2s.1x2s  +  x*<+1 

Type  II:  QF,  -  x^  +  ...  ♦  x^x 


+  Kx^.j  +  x*,) 


where 


X  •  0 


or  X  e  GF(2e)  and  Tr*(X)  ■  1. 
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First,  consider  Ar(y)  for  Type  I. 

Tr?{Q(x) } 

A  /  __\  «•  /  1  \  i 


A  (y)  -  £  n  (-1) 

xcG?(2n) 


where 


£  •  •  •  E  i 

X1  **■  Xn/e 


(_1)Trt(xlx2  +  X3X4  +  •••  +  X2.+l> 


x1’s  renge  over  GF(2e). 


Ar(y)  -EE  (-1) 
X1  X2 


Tr®(x,x,)  Tr®(x,x.) 

1  1  1  EE  (-1)  1  3  4 


x3  X4 


^rl ^X2i-lX2i^  ^ri 

E  E  (-1)  1  2®  1  2®  E  (_!)  1  2e+l 


x2a-l  X2e 


2a+l 


E  •••  E  (1) 
X2s+2  xn/e 


From  Lemma  1-1, 


Z  (-1) 
C2s+1 


Trl(x2a+1) 


^rl ^x2a+l^ 

E  (-1)  1  Z,+l  -  0 


2a+l 


Hence,  if  Q(x)  is  of  Type  I,  A^(y)  -  0. 

Next,  consider  Ar(y)  for  Type  II. 

Tr*(x  x.)  Tr®(x,x.) 

Ar(y)  -  E  E  (-1)  1  1  2  E  E  (-1)  1  34  ... 


X1  X2 


X3  X4 


E  E 
X2a-I  X2s 


(_l)Trl{x2s-IX28  +  X(x2s-1  +  X2a^ 


E  ...  E  (1) 
‘2s+l  •'*  Xn/e 


Consider  the  a-th  sum.  By  the  substitution  of 
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(4.2) 
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where 


2s  Is  the  rank  of  QF^. 

In  order  to  evaluate  Ar(y)  explicitly,  it  suffices 
to  find  the  rank  of  the  quadratic  form  over  GF(2*)  of  the 
Type  II,  QFX. 

Suppose  an  element  z  in  GF(2n)  haa  its  first  2s 
coordinates  equal  to  zero  in  that  coordinates  which 
produced  the  canonical  form.  Then 

Q (x  +  z)  -  Q(x)  +  Q(z)  ,  x  c  GF(2n) . 

Furthermore,  if  the  quadratic  form  is  of  Type  II,  Q(z)  ■  0. 
Hence,  to  find  the  rank  of  the  quadratic  form  of  Type  II, 
we  must  find  the  number  of  z  in  GF(2n)  such  that 


0  «  Q(x  +  z)  +  Q(x) 

-  Tr"{y(x+z)2  +1  +  (x+z)2  +1> 

_  n,  2k+l  .  2mk+l1 
+  Tr^l  yx  +  x  } 

-  Trn{  yx2^+1  +  yx^z  +  yxz2k  +  yz2^1  +  x2^1 


2mk  »k  «k  k  »k 

+  x  z  +  xz  +z  +yx  +x  } 

«k  „k  „mk  -mk 

m  II  f  mi  fc  Z  ,  to  » 

-  Tr^iyx  z  +  yxz  +  x  z  +  xz  } 

_  n,  2k+l  2X  k+l. 

+  Tr  {yz  +  z  } 

e 

(m-l)k  ,mk  (m-l)k  _mk  ,mk  (m+l)k 

-  Tr^y2  x2  z2  +  y2  x2  z2 

2&k  2mk  22mk 

+  x^  z  +  xz  z 


}  +  Q(z) 
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„  ,mk  «2mk  -mk  ,,(m+l)k 

■Tr{x  lz  +  z  +  y  z 


« (n-1 ) k  2(m-l)k 
+  y  z  )> 


Since  the  above  must  hold  as  x  ranges  over  GF(2n), 
have 


we  must 


-2mk  -mk  ,(m+l)k  «(m-l)k  .(m-l)k 

z  +  z  +  y  z  +y  z  -0(4. 3) 

Suppose  z^  is  a  solution  to  (4.3).  Then,  for 

e  GF(2e),  z  -  a^Zj  is  also  a  solution  to  (4.3)  since 

2Jk  2Jk  2Jk  2^k 

z  “  al  rl  "  al’zl  for  any 

If  z2  is  another  solution  to  (4.3),  then  for  e  GF(2e) 
z  -  ^°izi  +  °2z2^  is  a*80  a  ®°lution  to  (4.3).  This  says 
that  the  set  of  solutions  to  (4.3)  is  a  linear  space  over 
GF(2e).  Hence,  the  number  of  solutions  z  in  GF(2n)  to 
(4.3)  is  of  the  form  (2e)<*,  where  d  is  the  dimension  of 
the  solution  space  over  GF(2e). 

The  rank  of  the  quadratic  form  of  Type  II  over  GF(2e), 
2s,  is  equal  to: 

28  -  n/e  -  d  (4.4) 

Since  n/e  is  odd,  d  must  also  be  odd. 

It  can  be  shown  that  if  {z.,  z_,  . . .  ,  z  .  }  is  the 

l  t  n/e 

basis  for  GF (2°)  over  GF(2e),  then  {z^,  *2*  •*•  »  zn/e^ 

is  also  the  basis  of  GF(2^kn^e)  over  GF(2^k). 

The  set  of  solutions  to  (4.3)  is  also  a  linear  space 
2k 

over  GF(2  ).  In  view  of  the  fact  that  (4.3)  is  of 
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A  (y)  is  at  most  5-valued. 

4r(y>  ’  i2(“+e)/2.  ±2(n+3e)/J. 

2.  COMPUTED  RESULTS  AND  CONJECTURES 

Table  4-1  lists  the  cyclotomic  coset  leaders  given  by 
r  -  (2mk+l ) / (2k+l )  where  both  m  and  n/GCD(n,k)  are  odd. 
m  and  k  are  restricted  to  (4.1).  The  number  in  parentheses 
following  decimation  r  is  the  number  of  the  distinct  values 
that  A^(y)  takes  on.  For  n  ■IS,  the  coset  leaders  given  by 
m  ■  15  are  omitted  from  Table  4-1. 

These  results  exhibit  definite  patterns  and  they  can 
be  summarized  by  the  following  3  conjectures.  As  before, 
e  -  GCD(n.k)  and  r  -  (2mk+l) / (2k+l )  t  2J  mod  2n-l  for 
any  J »  0  <_  j  <_  n-1,  with  m  and  n/e  both  odd. 

CONJECTURE  4-2: 

If  e  >  1,  then  A  (y)  is  a  3-valued  function.  A  and 

r  J  r 

n(Ar)  are  given  by  (1.8). 

CONJECTURE  4-3: 

If  e  ■  1  but  n  is  not  a  prime,  then  Af(y)  is  at  most 
a  5-valued  function.  A^(y)  is  of  the  form  (4.7). 

CONJECTURE  4-4: 

If  n  is  a  prime,  A  (y)  is  at  most  a  5-valued  function. 
Ar(y)  -  0,  ±2(n  +  1^2,  ±2  <n+3)/2. 
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REMARK ;  It  is  observed  that  A^(y)  given  in  Conjecture  4-4 
is  a  5-valued  function  if  m  is  restricted  to 
5  <  a  <  n-2 
and  3m  t  ±1  mod  n. 

Next,  we  give  conjectures  on  decimations  of  the  types 
not  considered  in  this  chapter.  Among  the  decimations 
that  lead  to  the  3-valued  A^(y),  there  remain  only  a  few 
cases  that  are  not  covered  by  Theorems  1-5,  1-6  or  Lemmas 
2-9,  2-10.  They  are  listed  in  Table  1-2.  It  is  seen  that 
they  are  still  not  covered  by  Conjecture  4-2.  The  follow¬ 
ing  conjecture  covers  all  of  these  remaining  cases. 

CONJECTURE  4-5: 

The  following  5  decimations  lead  to  the  3-valued 
Ar(y)  • 


(1)  r 

- 

2  (n- 1 )  /  2  +  3 

n 

=  1 

mod 

2 

(2)  r 

- 

2 (n- 1 ) / 2  +  2 (n-1 ) / 4  _  ^ 

n 

=  1 

mod 

4 

(3)  r 

- 

2 (n- 1 ) / 2  +  2 (3n-l ) /4  _  x 

n 

=  3 

mod 

4 

(4)  r 

- 

2  (n+2 )  /  2  +  3 

n 

=  2 

mod 

4 

(5)  r 

- 

2 n / 2  M  2  (n+2)  / 4  +  1 

n 

=  2 

mod 

4 

and  n (A  ) 
r 

for  (1),  (2)  and  (3)  are  given 

by 

(1.8) 

with 

e  ■  1.  Af  and  n(A^)  for  (4)  and  (5)  are  given  by  (1.8) 
with  e  ■  2. 


REMARK:  The  case  (1)  has  been  known  for  some  time  by 


Welch. 


It  is  of  Interest  to  note  that  all  3  decimations  of 
Conjecture  4-5  for  n  odd  are  of  the  form  2^n  *^2  +  23  - 
for  some  J.  The  ne?ct  conjecture  is  on  the  5-valued  A^Cy) 

CONJECTURE  4-6: 

The  following  5  decimations  lead  to  at  most  the  5- 
valued  A  (y)  . 

(1)  r  -  2(n+l)/2  -  2(n"3)/2  ±1  n  =  1  mod  2 

(2)  r  -  2(n+3)/4  +3  n  =  I  mod  4 

(3)  r  -  2(n+1)/2  -  2(n+3)/A  +1  n  =  1  mod  4 

(4)  r  -  2(n_1)/2  -  2(n+1)/4  +  I  n  h  3  mod  4 

(5)  r  ■  2n^2+2  -  3  n  =  0  mod  4 


Conjectures  4-2  through  4-6  have  been  verified  for 
n  <_  16.  Conjecture  4-4  with  k  -  1  and  m  -  5,  7  6  9, 
Conjecture  4-5  (1)  6  (2)  and  Conjecture  4-6  (2)  still 
hold  for  n  *  17. 


CYCLOTOMIC  COSET  LEADERS  GIVEN  BY  ( 2mk+l ) / ( 2k+l ) 


n 

k 

e 

m 

3 

5 

7 

9 

11 

3 

1 

1 

3(3) 

• 

5 

1 

1 

3(3) 

11(3) 

2 

1 

11(3) 

7(3) 

6 

2 

2 

13(3) 

7 

1 

1 

3(3) 

11(3) 

43(3) 

2 

1 

13(3) 

29(3) 

27(3) 

3 

1 

23(3) 

43(3) 

15(3) 

9 

1 

1 

3(3) 

11(5) 

43(5) 

171(3) 

2 

1 

13(3) 

107(5) 

109(5) 

103(3) 

3 

3 

57(3) 

1(2) 

1(2) 

57(3) 

4 

1 

47(3) 

109(5) 

93(5) 

31(3) 

10 

2 

2 

13(3) 

205(3) 

4 

2 

79(3) 

181(3) 

11 

1 

1 

3(3) 

11(5) 

43(3) 

171(5) 

683(3) 

2 

1 

13(3) 

205(5) 

413(3) 

423(5) 

411(3) 

3 

1 

57(3) 

235(5) 

683(3) 

343(5) 

231(3) 

4 

1 

143(3) 

121(5) 

151(3) 

429(5) 

365(3) 

5 

1 

95(3) 

221(5) 

315(3) 

189(5) 

63(3) 

12  4  A  241(3) 


1(2) 
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n 

k 

e 

m 

3 

5 

7 

9 

11 

13 

13 

1 

1 

3(3) 

11(5) 

43(5) 

171(3) 

683(5) 

2731(3) 

2 

1 

13(3) 

205(5) 

1643(5) 

1691(3) 

1 6A5 (5) 

1639(3) 

3 

1 

57(3) 

919(5) 

1367(5) 

2731(3) 

939(5) 

911(3) 

A 

1 

2A1  (3) 

A97  (5) 

A  8  3  ( 5  ) 

723(3) 

1A61(5) 

1453(3) 

5 

1 

287(3) 

745(5) 

869(5) 

12A5 (3) 

7A9  (5) 

1243(3) 

6 

1 

191(3) 

445(5) 

953(5) 

635(3) 

381(5) 

127(3) 

1A 

2 

2 

13(3) 

205(3) 

3277(3) 

A 

2 

241(3) 

979(3) 

2893(3) 

6 

2 

319(3) 

1339(3) 

2773(3) 

15 

1 

1 

3(3) 

11(5) 

A  3  {  5  ) 

171(5) 

683(5) 

2731(5) 

2 

1 

13(3) 

205(5) 

3277(5) 

6557(5) 

6605(5) 

6567(5) 

3 

3 

57(3) 

3641(3) 

57(3) 

1(2) 

1(2) 

57(3) 

A 

1 

2A1 (3) 

1943  w) 

5783(5) 

5813(5) 

5805(5) 

2895(5) 

5 

5 

993(3) 

1(2) 

1(2) 

993(3) 

1(2) 

1(2) 

6 

3 

575(3) 

3529(3) 

575(3) 

1(2) 

1(2) 

575(3) 

7 

1 

383(3) 

893(5) 

1913(5) 

2295(5) 

1275(5) 

765(5) 

TABLE  A- 1 
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CHAPTER  V 

SUMMARY  AND  COMMENTS 

We  have  considered  the  cross-correlation  function 

2n-2 

between  two  maximal  linear  recursive  sequences:  {a^J^g 
2n-2 

and  {a  .}.  n.  We  have  defined  the  cross-correlation 
ri  1-0 

function  &r(y)  by: 

A  (y)  -  z  „  C-l)Trtxy  +  **' 

xcGF (2°) 

and  analyzed  Af(y)  for  two  types  of  decimation  r: 

(1)  r  =  2k  mod  2n/2-l 
and  (2)  r  -  (2®k+l ) / (2k+l ) . 

For  the  type  (1)  Ar(y)  is  of  the  form: 

Af(y)  ■  2n^2(j-l),  0  <  J  <_  J,  for  some  J. 

The  value  j  Is  the  number  of  distinct  solutions  to  the  two 
equations  over  GF(2n).  For  the  type  (2)  Af(y)  is  of  the 
form : 

Af(y)  -  0,  ±2(n+de)/2,  l  <_  d  <  m-2 ,  d  odd  and 

e  -  GCD (n,k) . 

The  value  d  depends  on  the  rank  of  the  quadratic  form  over 
GF(2C)  . 

For  the  both  types  the  complete  evaluation  of  n(&r) 
depends  on  one's  ability  to  determine  the  number  of 
solutions  to  equations  in  G F ( 2 n ) .  However,  using 
Lemma  2-5,  n(Af)  can  be  determined  completely  even  though 
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n(A^)  may  be  known  only  for  certain  A^  at  in  the  case  of 
Theorems  3-6  and  3-7.  For  r  -  2m+3,  n  -  2m  (Theorem  3-8), 
n(A  )  can  be  determined  completely  If  It  Is  possible  to 
1.  evaluate  r( A^<y) 

or  2.  find  any  one  of  Ng,  and  where 

N.  is  the  number  of  times  N„(y)  -  i. 

1  P 

From  the  observation  of  results  obtained,  it  is  seen 

that  many  decimations  that  lead  to  3-valued,  4-valued  and 

5-valued  A  (y)  are  one  of  the  above  two  types.  We  have 

also  presented  some  conjectures  on  3-valued  and  5-valued 

A  (y)  that  are  not  covered  by  the  known  theorems. 


APPENDIX  A 

CROSS-CORRELATION  VALUES 

In  APPENDIX  A  A^  and  n(Af)  for  all  r  are  tabulated  for 

3  £  n  <_  12.  For  n  •  13,  14  and  15,  A^  and  n(Ar)  are  given 

If  Ar(y)  la  7-valued  or  leas.  For  n  ■  16,  Af  and  n(Ar>  are 

given  If  A^(y)  la  5-valued  or  lesa.  Af  and  n(Ar>  for 

r  ■  2n  *  - 1  are  alao  given  for  13  <_  n  <_  16. 

Suppose  we  have  2  proper  cyclotomlc  coset  leaders  r 

k  n 

and  q  such  that  r*q  =  2  mod  2-1.  Then,  In  view  of 
Lemma  2-3,  Af  and  n(A^)  are  given  provided  r  q.  See 
APPENDIX  B  for  the  Inverse  pair  relation  of  cyclotomlc 
coset  leaders. 

In  APPENDIX  A  the  first  column  Is  the  cyclotomlc  coset 

leader  r.  The  second  column  gives  the  number  of  distinct 

values  that  Af(y)  takes  on.  The  numbers  to  the  right  give 

the  distribution.  n(Ar)  and  Af  are  given  In  pair:  the 

first  number  Is  n(Ar)  and  the  second  number  in  parentheses 

is  A  . 
r 

EXAMPLE:  For  n  ■  7,  A^(y)  is  3-valued.  A^(y)  -  16  36 

times,  Ag(y)  “0  64  times  and  A^(y)  ■  -16  28  times  as  y 

7  3 

ranges  over  GF(2  ).  Note  ‘hat  9*15  ■  135  =  2  mod  127. 

The  cyclotomlc  cosets  containing  9  and  15  are  inverse  of 

each  other,  and  A^(y)  is  given  but  f^(y)  is  omitted. 
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APPENDIX  B 


INVERSE  PAIR  RELATION  OF  CYCLOTOMIC  COSET  LEADERS 

In  APPENDIX  B  the  inverse  pair  relation  of  cyclotomic 
coset  leaders  is  given  for  3  <  n  <  14.  If  two  cyclotomic 
coset  leaders  r  and  q  are  such  that  r*q  e  2^  mod  2n-l  and 

r  -  q»  then  r  and  q  are  given  in  pair  with  q  in 
parentheses . 

EXAMPLE:  For  n  *  7,  two  cyclotomic  cosets  containing  9  and 

15  are  inverse  of  each  other  as  mentioned  above.  For  n  =  9 
the  cyclotomic  coset  containing  75  is  a  self-inverse  since 
(75)2  -  5625  =  2 2  mod  511. 


99 


.  - . 


INVERSE  MIR  RELATION  OF  CVCLOTONtr.  COSET  LEADERS 


Itk*  MW  IfLl  IcjI  It  El  IS*  (ill  I LV  llil  Hi  Hi  Hi  111!  MV  UH  US 

Mil  III  1 1*  MV  <<?l  IS*  MCI  If*  li  At  II*  ISC  HE  |t«t  lii  lit  lui  H<  Hi 

Mi  HI  III  Ml  IbW  HI  ICS  HI  ICC  lit  lit  H  liul  H  Hit  H  It  M 


1«  1»  M'l  T1  *191  ill  791  ITI  1811  191  1711  711  891  211  *11  791  701 

l'l  «»  1M  "I  *11  1  1 9 1  *71  1091  *91  IC7I  HI  711  )  191  19||  Ml  1111  Ml  7*11 

7*1  1771  9M  I'll  9H  7111  1C1I  1171  IMI  1*91  1111  1*71  1711  2711  t*?l  219*  17H  *791 

1791  3*11  2211  is  7*  2311  3791  3*11  1*11  Sill  l|ll 


101 


«  r  —  fr*  fr  —  ©  fr  fr» 

fr  *  —  n,  *  ir.  fr  o 

mm 

P*  ©  ►-  fr>  -  fr  —  —  ►  fr 

—  >*  /  r  n  f  c*  fr  *  pv 

N  ►  /  *'  *  ?  f*  fr  —  © 

—  —  •  VI 

/  r  N  **  ▼  fr  fr  T 
M  ..  M  < 

lAirf  C  vh 

—  fr  «.  »•  P.  fr  —  fr  ^  fr 

fr  r  —  c*  n  n  ^ 

fri  7*  i»  «  a  Mr  /  »«  - 

—  «*  fr  %  -  r  c  ^  ^  c 

—  —  —  rg  fr  i# 

©  —  —  fr  —  >  ©  — 

*nfrO#r^«:v-Xf*>rf' 

-if1". 

VI 

rr  —  —  —  —  —  —  — 

—  —  —  —  r  pn  fr  —  fr  *•  © 

<  —  fr  fr  P-  —  V  X  fr  —  ►* 

a  ^  ^  ^  n  t  ^ 

o 

fr 

-4  m  r  /<  r  *i  *  t  -  « 
4  t!  c.  r.  m  y  e  o 

*4  pm  p-  pv  fM  fr  © 

*4  »*••*»*•«»»•■••• 

—  ©©P-fr— C©C©fr 

PV.  fr  P*-  —  fr  ©  *•  —  « 

Ui  -•  —  -*  **  fr  fr 

Ul 

fr 

c 

ui 

n 

—  -  « r  ©  fr  v  —  c» 

e*  ►  <r  ►  c  fr  e  fr  —  © 

N  —  -c  fr  ir  *•>  «*  fr 

©  ©  fr  —  c  Mr-4-rt 

p*fr©Ofr*-©  —  fr 

—  —  —  p*  fr  fr 

• 

—  ©  fr  fr  ©  *  v  ►  s  f 

—  c  4  V  fr  fr  c  —  fr  ^ 

fr  —  —  fr.  fr*  P4  ©  fr 

frfr  —  ©©  —  —  ©©fr 

PS.frfrOfr©— C-- 

—  -  —  •:  fr  fr 


—  —  fS,  -•  fr  fr 


fr  —  ©  -».»«- 


►  fr  ©  «-  ©  *“  ©  — 
frP*l\li©frfr*M 
—  —  *9  *“  fr  « 


fr  8*  r^,  ►.  tr  fr  fr  o 
-  -  M7  fr  N 


9*  —  fr  ©  —  —  ~  © 
«  ©  —  fr  —  »V  ©  fr 
©  —  —  T—  Ofrfr 


©  p-  C  ©  —  7  —  fr 
©  fr  r.*  «  fr  fr  fr  r 
.4  «  n  r  fr  fr 


f  7*  -4  c*  ff  fr  ©  © 
9  c  *c  ©  —  fr  fr  © 

cc-#  —  ©«■-«© 


—  fr  —  ©  fr  ©  —  ©  — 

iv  <  fr  splits 
U.  —  —  fs.  fr  fr  fr 


©  ©  fr  fr  —  —  ©  -■  © 

PS,  #1,  PS,  —  ©  fr  7-  —  fr 

»s:  <t  rv  fr  ©  fr  9  t  c 


©a  —  ©  —  —  «r  ©  © 
fr  V  O  fr  —  —  fr 

--Nr  *  «  o 


—  fr  ©  ©  fr  ©  ©  ©  © 
*fr—  Cfr  ••—*“© 

r:  in.  ©  fr  ©  fr  ©  w 


O 

u- 

c 


frfr  —  ©©©©©  —  fr  — 
frt7©^fr»i4»-rfrfrfr 
*  ©  fr  p  »-^©fr«v©fr 
—  —  —  >N  ©  © 


fr  fr  ©  —  fr  r  C  ©  *  *  © 
iVfrfrfrrrfrlvyfrC* 

3 


f  —  ©©*»©.«©©* 

■  »  fr  «  r  l  n  v  *  r  - 


fr  ►  fr  7*.  r  7  9  0  If  - 

fr  t  Ofrfr  —  frfr  —  —  ► 
frrcfrfrv.#7?c*‘© 


•  —  ©  ~  ~ 

■  fr  f  -  I'  T  T 

-  Pi  r  4  ir  t 


fr*NKH-*Pp(f  9 
4<tP-NC-7P^>4V 
p-  r*.  ——frfr  fr  —  £  *r  fr 


—  c  ©  v  fr  *■  fr  .-fr  —  — 
-N44«CN-»  C©  — 


—  ©  •-  —  ©  —  fr  ©  ©  ©  — 

—  —  p-  r-  1 1  —  —  -  fr  fr  Tv 
©«4  iV(  «  c  fr  -  M.P 

—  —  fr  —  % 


r*-frfr  —  — 

rvfrfrxr— frfrxii 


—  fr  —  —  frfr©frfrfr** 

—  C  6‘  frtl  rNPf  ► 

fr  ©  fr  C  7  *  v  T  C  —  7*1 
fr  —P‘1  — 


C\fr.  —  ©©©7  —  ■•  © 

pMfr  frf^y  —  fr  £«.o 
—  —  —  —  PV 


fr.  •  ©fr*r©frc©<  — 

«©©  —  *■.  C  '*  C  •*  P 


—  «*fr-*fr*»frfr 
.  fr  »*•  :  —  fr  -  fr  t  i. 

—  —  —  —  p 


fi. 


102 


•*  e  —  4  4  *  e> 

F*  1^ 

•z: 

«►  4  4 

o  «*  C  —  K-r  i- 

4  4“ 

F*  C>  «  4  •'  4 

4-.p444F.r4CF* 

—  4*  4 

k  r* 

*NN9tfOM' 

■"*  —  "*  -  *“ 

p-  pp 

—  fs. 

—  —  —  *4  p-  fl 

rp»*»pf.-p 

p*  pp 

4  O'  — 

•M  PP 

C  —  CF  4  C  **> 

«■  IT  f  O  ^  t  N 

4  •* 

C  4  O 

ft  K  F 

7  4T4F-4r**. 

N  NM +\  T  *  4  -4 

4  4 

4  4  4 

<  <  ► 

erip^f«-ii' 

p«  4 

4  "F  »*• 

f*  r  C' 

v'  if  -  f  e  n  *• 

►•  *  9  K  i  N  .  *> 

K  ^ 

—  c  c 

«  -  fa  m  o  e  r 

x  »V  4  c  -£ 

«  F^  — 

.'  t  Mj  n  e  v-  t 

**  *  p.  -  - 

" 

•“ 

-p  p-  —  —  —  — 

P  «  i  f.  J  .*  f-  " 

4  f- 

“  z!  r 

F*44Cf*44-p 

»►  4  4  *■>  if.  r  r  *f 

4  4 

C»  4  c 

p-  4  F- 

r  4  4  *1  F-  i  f  K 

ivfvfFrr-'**'* 

4  4 

4  4  4 

C  ^  F** 

F«««0—  441 

-{fa<,-Mfp 

4  — 

»*l*  F 

4  F  4 

•»  4  *Fpp4F»4F“ 

<(Pf.hCp|fr 

4  4 

4*  4  »V 

K  p-  T 

—  ^.—  pp4F*Fv4 

*p  4 

t  it 

F*  C  F* 

0  4  r.  ff  F*  »  K  c 

pp  pp  p<  ■« 

-HpYKp'p 

C  f- 

rv.  — 

f*  4  4 

N  -  N 

f«-  cr  f* 

IS.  IV  FSI  —  —  p* 

i*  4  4  C  PS:  P  c  *\ 

4 

or  4  c 

p-4rMC*405F  F-|F\(r^ 

N  N  N  in  P.  P.  »'  4 

4  4 

4  4  4 

i  if* 

►•««»  —  44'“ 

pY-r^irfpf* 

-*  i*> 

pp  a  4 

9  »  4 

rrO'O'F'p-OO'** 

P  r  N  ^  B  f  Y  P* 

*  C 

4  -p  4 

FHp* 

44<r  o  —  4  i *.  r 

—  Fs. 

F-  4  — 

►f*P 

iif*ir.  Yf*r 

pp  pp 

- 

fF 

pp  pp  N  pp  iV4#V4 

o  »  *»  •*  ir  r  -  : 

ft-  ~ 

►.  F-  M» 

—  4  4 

FFFiFie 

i*4F-O<Fi4  0  — 

4.  4 

T  4  r- 

--  4*  fM 

?  rg  ►-  P*  pp  FS>  4  PP 

fFrfM*F|F*rr44 

4  4 

4  4  4 

i  i  ► 

F-'TTOOFW*'* 

*»*F*-p9»rp-'*-' 

k  P  lA  * 

Fire 

—  4  —  -P  O  4  4  Jft 

i  -  *  C  ►*  C  i- 

4—4 

4  —  C“ 

P-C44044F* 

fv  rs.  rf*  finpci4  p 

4  F- 

O  O'  r-v 

X)  F*  » 

g  BM»f*£* 

p->  pp  p-  p- 

^p  —  p. 

N 

►*  f-  4  —  o  4  »►  ir 

O  »*- 

r  XZ 

4  4  C 

f*  Ffif  ifFF** 

PJ4  f»  o  -  P  Y  - 

1*  4» 

■  Ok 

4f\  4  %  —  4»  4  pp 

n  n  ^  pik,  #  r  p 

4  4 

4  4  4 

4  4*- 

»•  ti  m  c  r-  A  4  f* 

p-hifrf»9 

**< 

P^P 

f  ►- 

>*  ►*  F*  4  ♦  F  ^  K 

C  f*>  F-*  .*  «  *r  *  if 

p^  r 

C  4 

•0  4  4 

4  N  4  T  F*  4  Cf  f  J 

i  r  4  O  f»  f*  f  f  PP 

r  o  4 

4  4  «C 

4f»  i  /  1  N(f  K 

»  N-K 

rv  -p 

—  —  —  —  —  FV  — 

ip\4»p-r»fpr'^  — 

»r.  it 

»•  4  e 

4  -  ^ 

p-pPpP4'Kpp4F'i 

*.  4  F*  C  P-4P“  — 

F>  4 

O  i 

C  4  — 

4  IV  4  FM  C  —  19  l-i 

fs«  pv,  f»  r»  m  i*i  r.  <# 

4  4 

4  4  4 

«  «*.  r* 

F-«C  r.  0  U  N  i  ► 

-«  p  p  »-ptf  if  p 

»*  I* 

—  o 

*  F  F 

pi  pp  pp  pp 

m 

•»pp4F*p<44F* 

IP  f»  M*>  F.  »P  %  * 

4  F 

F  if* 

—  f.  '• 

iNC.  r-f*NftJ 

If  F  NK  IP  f-  ?  f- 

c  i 

*V 

►*  4  i 

p4  p- 

*:  4  o 

►  pp  4 

r  Oi  iFF-FC 

-  * 

f*  ^  K 

99  - 

TO  *p  4  —  4  4  ». 

*.  4  4  C  —  .•  F-  C 

4  IP 

F*  *9  4 

0  r-  r 

4  —  if  ■  ccr  if 

N-  N  ^  Pv  »  f  ^ 

4  4 

4  4  4 

4  4*^ 

►YUCFNii 

—  F-49K*p*9 

4  *" 

4  ►“  4 

pft  * 

pp  pp  pp 

-F7i'**eFP 

r  •*  r  9  r  r  c  - 

rt  / 

4  4  C 

er  *■  / 

4  4  4  4  4  l*  9  4 

C  *  /  i  F  -  M 

i-  c 

•  -  4.  ^ 

C  F-  4. 

f  F  TJ(  e  F;  4  4 

p-  Pi  —  r 

p*  p« 

pp  — 

—  p»  pp  r  —  Ppppr 

—  ?  ►  F  r  F*  4  •- 

0  K 

4  —  4 

F*  pp  F* 

K».  /  "^KO/ 

rsj  .• 

*-  '-<  4 

c  4  r 

Fp49YF»F 

f.Nf.'NP  P  f  4 

1  4 

4  4  4 

4  4  / 

►-  X  4T  y*Pfr*tf- 

0  ^ 

»*•  fp  4 

4  4  •- 

—  pp  — 

p«  F  -  #  *Pt  p*  0 

F  i  if  M  4  f  .  1 

F  C 

f  (.  ** 

V  F  o 

f*  *r.  4  »*  4  r  c  f 

4.  9  ►  f  /  ft,  •  ,f 

4  4 

4.  «  9 

F.  |  .f 

•/  j  /  «»  ff>if  * 

—  ^  —  r*  — 

"* 

pp  P>, 

pp  r  — 

*1  Mp  -#.if 

•*«  4 

f.  o  r 

4  0  F* 

-  w  '  P-  —  O  4  F*  0 

P*F  P  -  pi*  r  r 

f  4 

►*0  4 

o  r  •* 

4  »  •  4  O  4  9  ft  pp 

PrfPuFW*.^^*"* 

4  r 

.*4  4 

4  i.  .9 

f-  -D  x  ▼  9  pp  «►  4 

««Fp4c»f.4—*94**4*c4^c#4^i  <i  s  f  m  n 
r^Np-^wr^-<r<  <o* 

N  «  «  im  **  _  r>  iv  -f*  fA«*«iM<Mpi|r 


NlT  r  Ort^t  »'  C  -  ^  N  (  4  T'  — 


4.  FpC0  4F*FpFpp-pp^ppp*fpj  F*9**i*»«*^„*ipj-^^  — 
-rCNr*-r4<CPC  ►»  **  r  ff  (**  L-»  C  .“f.**444«tf* 

^(r^,rrf^c^^•^^■c^'^c■'^^rc  o  m-  -  k  r  4 

r'#V.  —  -f  N-W-N  \  4  ^  X  «  i* 

*  *  ?^N^y/--*<rM*-»fr/c«»r  •»  »  Z*  ^  Z» 
fw  4  **  c  4.  Kr*****  —  *  *“  c*  •*  »  c^o4r<'»Mr-/p 

V  «f  «  IT  r  «3/C^**CTPf  O 


errr^MP-p?pr^--c  »»rvc.*p?irc^ 
cr^p-rcc^re  »  c  v* 

**p  -H^NNr.  Np-----«  ^«r\r  rr 


c  a*-**.  fr.F-F-4^*p^-Pp  4p-C'4F**Fpr4F^.«K,r^^ 

tPKcrNCirp^  tf^t»v»*pp4,pp 

—  —  •*p«fvi>i4'4ir  4 


N  »  M  K  IT  M  K  M  g> 

priMoc  ^h>«-«n/s9  :*</>*  i*cinfiet'c#PMC 

cr-<^r'iPifNCf'N  44**pp*4^4flr'ro  >*  ^  r*  r*  «*  4 

fs  t*  -.  -*  ir«.MNM(g  4  »-t  fv  f\j  —  —  -•  is  p»  *4  fM 

«n 


p-  KK*»>«-»r(r(Mrifp*S-,«-fc-riP'/r-r  4  4  4  '.F  pp  4>  4 

<  -4F-c/4',ccF'iF*c/4oi.5fvoc4e'4tc-p  t  ~  f>  ~  4  — 

a  4  44444 

pP 

© 

#0 


^0^40— r'44‘rF\;»*'0-0— fV4f*<j>,-  4*4  0  *,Fi4 

4  *i  o  /  np^«<i.^NC-oeNp<cff<«».M^p 

—  —  4  4  4  —  „*  •-  fm  —  4  —  -  *m 

<*  W - - ~ - *~ - - - 

— •  r^-Mr-^K-rc  r  r*>  4  -  fr*»rO'ff»^?Nipp 

i--rN»Nfp»vNyN\r''.\ia-«#2NN''ji-.','o^r 

Ul  p---ppf\fl\;f\.rr\»*‘|P1,*  PP^i/'««PNr?'P9‘f. 

Ill  p* 


(3 

Ui 

C 


—  4*4F-FpK4:pp|r‘pP44— C4  994FP**F*pp44ir4t4 

c.  -4  4  if.  4  4  f*  o 

PiP.  B4>f-\irNiiO»»r.  f  B-C  ff  H  i  g> 

—  —  •*  pp  i r  4  *-  pppp^^f.**  —  p-fjp****  —  ** 


c  ip  ip  it  i'  p  Mptpp  K-frmr  »  f» 

—  #r  iOMPCN«?NP  ffMP(fi«.WiL<CrCiO 

^^•^CMfvryp^r  #*>  4  4  4444.«cf-f-«  c  a  r  o 


p.  i  c  r»*i*-ir^k'pcf 
»f4f»<^NiPf*<if‘p»*9  C  jpni^p-c  e  iinrPB 
*  fv  —  pp  p-  rj  —  —  —  4f*  —  44p*ir 


pp-r-pp-^-'^HC  *‘ipMf»p' 

r  <?Hirpf;ppf'rpp(r  **  »\  c  *■  4  f~  'F  n  4  *r  ^  r 

-*r4— *»•  4  4  <f  IPpAi^P  Y7C  <f  C 


N  9  r  *7  ^  r  f-  »*  P  ^  P  ^  N  '.*  - 

^  \  i  f  4  c  r  p*p  ►•  4  »*■  4  ir  (.f:«*i  f  p  f  ►•  ?  s  t  f , 

Nipr'Pi*py^<^p<fK4f  i  i  O  ►  k  i  ►  ?  <  ••*  r 

Ft  —  rs  4  rw  r*  —  rv  ~*  f  -  n  f  p  —  4  p«  •*  *i  r  ^ 


tr-p-pfrro-pp-^'r  r  c  *?  4  -  -  /  -  ?  4  —  p»44*'4‘*- 


/  ip  9  i  w  4  —  r  «^r»rr^.^>#^<re:TP,»xrA* 

r  -r  fr  -  r  ©  ic»tPi-*TP9N< 
•f\  4  r  —  «  #►  *t  pp  —  rs.  p«  •-•  •*  —  —  *•*-•••• 


-  o  o  iPP'r(fW'-«Pf«f*<‘'ri/  f*  f'lf  p.  4  f*  4  o  9^  —  4 
filPf  P»  iNft(PC»*iP-.ft^^**lPP  ~  T.  t*  <T 

~  p-  p*  *.  »v  if.  4  r  p4f<ppi<pffT.  Ypt 


103 


-FrftFfFf 

r  F  -  A^“ 

-f  AON 

«W- 

F>  C*  A»  (A  •*• 

FP-fF 

074—74- 

'/ PP  ffc  P 

4MF 

mFFFm-F 
*  *  C’  C  <  -  * 

F*  F*  4 

4  *  r 

-pp  f  r 
^  *  c  4  ** 

4  f  *  (0  c  F  r 

4  *  C 

PPP-O 

*  r  * 

ir  4  —  —  r  r  t 

^  F  jf.iFFF 

474CFOOFOP 

4  F  -  <  C 

*-«!?* 

F  P  F  f  F 

PSf  *  «V  *  fA 

—744*47 
«*  r.  —  —  c  4  t 

F  -  A 
«  4  4 

-*470^ 

4  4  C  F.  ^ 

F  t  C  C  <"  f 
—  —  4  *  .4  *  F. 

F4FTP4CP 

**»(r*fF,F.fF 

F  ?  F  F  4  F  F 

C*  4  O 

F  p  -  -  - 

AifFFFCf 

CA* 

4  4—4  — 

--NNF*VFCP 

O  4  F.  X  4 

-P-f 

c  k  IT 

FF  F  F- 

T  -  C  AP^-C 

CPC 

-C  Z  CN 

af.  r  -  c  4  ■* 

»  4  — 

P  P  P  *  » 

«NF<NFK 

f.  ir  f* 

P  NP  A  A 

*»  F  ^  F  F.  ff  / 

zz? 

p  P  F  F  A 

N  C  A  K  F  F  F 

CAh 

4  4  F>  c  «e 

4(C>044F-iA 

H  mm  »i  ^ 

"*  *"  ** 

NNF  N  A 

Fp *raFf 

JFFF-P-P 

P  F  P  0  4  F  ( 

>  <N  4 

4)F-F« 

O  *  4  O  4  C  »» 

rtf ro*rr 

PANA4A4A 

F»r  r-pFpFApAFN-F 

-«M*f  *  f.cn- 

»A  4  4  C  > 

-  ^  N  N  F  ■•  ‘f 

r  f-  7 

P)  4  4  ■-  IVf 

NF.NNA 

(A  O*  4*  F*  —  7  4 

PFiTAA-F^ 

«  —  4  C  O  IT  F- 

F0  4C‘(04  ?  -A 

444lN»  —  4V.44 

4  4  —  F-  7 

*  —  --  A*  F-  F, 

c  *  r 

rg  fs/  F*  4.  4 

r-r -  Fk'  /c  -  f 

—  ®  *  4  4  r  *  F»  f»  w 

A,  fA  fM  m  0 

-  -  N  N  f '.  4  O'  <  F-  P 

0  4  4*0 

NNNN  A 

-  <  C  ^  -  4  F. 

fO  _•  ^ 

-*  z 

F  P  P  f  - 
C*  —  4  7  — 

4  P-  F*  C  ».C  F>  r- 

?  F  < 

FPP  P  < 

MFFfS*-fw 

—  —  * 

r  a*p  p 

•4  F>  F*  0  9m  _  *. 

4  F  — 

—  7  7  —  *F 

-N  N*  FM- 

«r  4  c 

—  —  —  *•»  7 

/>  F»  C 

O  4  P  F  p 

Ft  *  Fg  A.  a»| 

F  A  C  f  F  F  if 

—  »-  4» 

4  4  4  4  •*  m* 

X  —  4  F-  4  -  t 

—  --  T 

snFi,*p 

**  F*  7  »A  7  •*  »- 
(T.  •-  F»  MFMM 

4  7  4 
ra  *  n 

7  4  4CC  — 
N  M»  tr  4  ■ 

P  A  *  P  F  »  • 
CF  fP  Nl  - 

J  -  A 
P  F- 

-  4  F.  4  —  — 

p  or.  4  f.  7 

4«  ~  Fa  *1  A  4  4 

4  F-  « 

l  4  4  F.  7  — 

n*  *1  fo  *  Fg  « 

p  -  f  p  r  /.  c 

e  -  — 

p  ff  i*  f  —  — 

-PF  t  F  -  .• 

4  >■  : 

4  4  ▼  4  4  — 

«  4  4  <P  7  4  t. 

St* 

*  4  #  P  t~  c 

rnm  mm  ff,  mm  f ,  if 

N  fl  F  N  N  P  *  F.  P 

r  F  -  F  p  -  if 

F  £  7 

^  —  aa  —  4  — 

C:  4  —  4  —  C  a 

F  P  4 

F  f  *  F  •*  « 

»■  -  N  N  f  a  .» 

/Ft 

C  P  f  F  F  p 

-fiNNN4 

►  •?  4  o*  «  *  c  *  it  %  \  o  n  o  o  c  r>  ^  »  n  # 

a*  ^  ^  JN  «f  #  N  N  •• 


e4(04CarfAF74F..-  ►»  p«K-*»r  -  4*  y  4*ck<*F>'»«»04.-4««*. 
-'#<»rMrM  i^/ro\ipN^  t  —.•»►.  0  *„ 


r?N^-irt  cuMf'f  r\>*  "  f— oc^4**F4r-ftc 

4t'/  CCON 

—  ^  -  <f  «N  Kp*»N«*.N*<a«r  \  4^w|;ir 


pa—F-^F-^CfAF^^r  i*  *  f»  •*  4  7  4  —  4  —  c-**  —  **r*— 

—  44«‘0*4F»Ff'P4  7  —  447  —  -pf-c  44  re  *44*44—  *  *  7  * 

^.M*><«NN\MnrFr4<r^4ir  .■*  i*  4  c^^-*NKcrc«c 


c  ^  mt  ir  ♦«iretf*N-'K<^^o&-f  t  4  r  c  <  «r  n  r 

Z  V'v  4«>  C 

ft  N  ft  .-  4  *  »  *A  4  »  —  «-  —  *  a*  F  IV  ^  N  C  4  4  —  ****<*4 


r*9>*ir.irr««^^«*Kr.r9tf  ^  •  m^  c  A  f  inriff-<»K#  -  »  o  f*  t 

-ff(C  V  N4  Kff  N4  /  fMf'CMrt^fl'-rjff, 


r»  *  4  f*  -*  4  «-  4  4  f.  *  «»  a»4  —  —  f-  —  —  f.7c*f-  ^  ^  *»•'•  r  r  •» 

NCKF**FKMM<P*y^»*Hac<^^a-ir(  —  4 
ft  —  AN  —  —  IT  4  m  PV  4  4.  Af*fN—  *f4Fi4—  444 


Naifr.r  « 

*»  »  ?  w  f  r 
••4  '•nw  ^ 


^FiTKc\'rzff-,»''Cff,-(*,«»^-\crhi,'Ki.  Mrt-^«cr«>M 

p-»a«aa*»«NNr‘NifrmA^<  #  ^  ir  ir  /  I  m  u  c 


7  7  -o  4  -  i-riro  -  440x77*4-0-*  r-  rF-44pgF.444.0r44-- 

N  -*-*-<f  —  4.  4fg4**(mis.4fsx4  -*ir-*-*.-*-f*#v4**-«r* 


-rirff-.4 

'  »r  ►  c*  n  < 


-  r  ~77'Ff-4‘A«-*3  rt-r 

N#<C-A^*or  O  «  —  44  ?s  *  w  “-0*  ./  N  w  ^  r  y  \  <  t - 

—  -*  —  —  F.fg*fS.f-~--  —  4  4  4444*  |T  4  P  £  ►•  N  K  «  fl  C  C  C“ 


<F«*-ir?rr.!rpr'--M"r^rf'NFFf*‘-^^.».4tf'FWMfNfirirr 
f  4  4  —  4  —  p  i'hs  ivrc  ~\  c*  «  r\  ^  *4  r  r-'-*-7  4  4—  —  4—  —  FJC' 
•  «  r  ^cnw»T**f(r^<h#^^frFC  c.  ?  —  x  c  n  r,  c  *■  n  p  z 

.  fj  4  4  *- 4  *-  r-  —  —  i»*  4m  — 4— •(rFA/**#***,*  ^in- 


Cj"(rhro'iri,ct<'-r>»*7FC'F'>/pK  ?  r*“f-r-ir>»--^o  4  *•  4  «a  — 
*  4  f  J  -*  #n  4  «  u  4  <  tcNtroor  4-  r  .  ■  4  4  7  —  4F  —  4FvfjO«.— 
^Hat^NNNNmAF,  4.  4  4  ^  v  /  */'  /  (O  O  4  0**F.«*®®7 


4*4—444 

ir  —  4  •*-  4  t  cm 

(T  P>  O  PV  r*  *\  F 

4  —  m 


?  —  7  ~  f  —  ^  r  -  4  4  o  *•  c  7***444Fa47(r7-44C 
F^<-»?.fo-r-T4  i  r 

C74->44'7F*  —  7  0  c  TF-AFFOC^.  474i«T  —  44 
►.  #«  n  n  r.  •»•  4  w*  4  4  r  .•  4  4  »  f.  —  —  4  (A  4  «*.  f  n<  r  F>r 


>  v  ^  ^  cr  r*  f  (»  —  4r  a— *•--»».  f  »*■  *  f.  /  #  *  •  7  f  —  •-  7  ^  7 

Mr  N  5  -  F<tO#t*1f.  *.'/Tr;F|r  I)*'.*  <  4  O  C  *.  (TTC 

—  —  —  —  *.  Nr^FFFF4<F4F  4  4  4  4  4  4f**^-4«>7 


4— 44  —  —  4F  —  .p**  —  —  f  —  —  4— cpf  —  if  ir  —  #r  4  -  mit  /  7  f  *. 

*  p-  r  4*r4Pr»g'r  —  r.-A—iriA'T-tFA^-  44 

*f  F|  c.  Njf  m  *c  r.  ?  c  i*  r  ••  n  «  N  t  m».  p  m  c  *  C 
L-F>  *—4*440  4*..  F.  rf-  N  -  F  (f  ^  1/  C  -  »  *  t  N  fi  ^  -  t  N  *« 


4  4  *  C  7  4  4.  7  —  4  7  —  •‘FFFjif.)^  -  4  —  "'  —  •  O  —  F  —  7  -  g  C  * 

*4  47— **4^  P.  *1*  KCNiTFf^irM.  9  f  f*  mm  ~  4  C  4  4  7  *  4  F  C 

f  -  4  4  4  4  4  4  4  4  44  /»  F  F  *  *  T  »  X  7 


.  r  <-  ^  f-  7  (O  —  —  —  —  7  4  0  4  —  4  *  4  —  9  F  7  *  ••■  *  (T  4 -  F  9  —  F  F  3  4  4 

fi'FF  «^<N/-lfF|f<F(  4.  4  F,  a  T  ►  *  F  M  V  9  J  I,  t  •  T  4 

4F  444447— 044*3  4  7  4  T.  ▼•  X  (f  —  7  4  4.  p.  4  f  4  (T  F  f  -F  (f 

—  —  4  -  4-  —  f  1  -  /.  i  IT  <  4  »A  —  4  <p.  —  4  —  4  —  4  *.  4  —  Ft 


■  F  if,  4  'J  —  —  *  —  *  3  F  —  4  —  *  —  —  *  7  —  f  F  NFMT 

*4<»— FWFCF’fForXFrFO**  -  /  '-  *  f?F(f^-lf*-( 
Nf  F.FF#444F  9  *lF<4^<e*>KK|.  fC3 


REFERENCES 


1.  Zierler,  N.,  "Linear  Recurring  Sequences,"  Journal  of 

the  Society  for  Industrial  and  Applied 
Mathematics,  Vol.  7,  No.  1,  March,  1959,  pp .  31-48 

2.  Gold,  R.,  "Study  of  Correlation  Properties  of  Binary 

Sequences,"  Aeronautical  Systems  Division, 

Wr ight-Patterson  AFB,  Ohio,  Report  No.  R-692, 
January,  1964,  AD-431113 

3.  Gold,  R.,  "Characteristic  Linear  Sequences  and  Their 

Coset  Functions,"  Journal  of  the  Society  for 
Industrial  and  Applied  Mathematics,  Vol.  14, 

No.  5,  September,  1966,  pp.  980-985 

4.  Gold,  R. ,  "Optimal  Binary  Sequences  for  Spread 

Spectrum  Multiplexing,"  IEEE  Transactions  on 
Information  Theory,  Vol.  IT-13,  No.  4,  October, 
1967,  pp.  619-621 

5.  Gold,  R.,  "Maximal  Recursive  Sequences  with  3-Valued 

Recursive  Cross-Correlation  Functions,"  IEEE 
Transactions  on  Information  Theory,  Vol.  IT-14, 

No.  1,  January,  1968,  pp.  154-156 

6.  Kasami,  T.,  "Weight  Distribution  Formula  for  Some 

Class  of  Cyclic  Codes,"  Report  of  Coordinated 
Science  Lab.,  University  of  Illinois,  Urbana, 
Illinois,  R-285,  1966,  AD-632574 

7.  Kasami,  T.,  Lin,  S.  and  Peterson,  W.  W, ,  "Some 

Results  on  Cyclic  Codes  which  Are  Invariant  under 
the  Affine  Group  and  Their  Applications," 
Information  and  Control,  Vol.  11,  1968, 
pp.  475-496 

8.  Kasami,  T.,  "Weight  Distributions  of  Bose-Chaudhur i- 

Hocquenghem  Codes,"  chapter  20  in  R.  C.  Bose  and 
T.  A.  Dowl ing (ed s  . )  ,  Combinatorial  Mathematics  and 
Its  Applications,  The  University  of  North  Carolina 
Press,  Chapel  Hill,  North  Carolina,  1969 

9.  Solomon,  G.,  "Tri-Weight  Cyclic  Codes,"  Jet 

Propulsion  Lab.,  Pasadena,  California,  Space 
Programs  Summary,  37-41,  Vol.  IV 

10.  Golomb,  S.  W. ,  Shift  Register  Sequences.  Holden-Days, 
Inc.,  San  Francisco,  California,  1967 


104 


105 


11.  Golomb,  S.  W.  ,  "Theory  of  Transformation  Groups  of 

Polynomials  Over  GF(2)  with  Applications  to  Linear 
Shift  Register  Sequences,"  Information  Sciences, 
Vol.  1,  No.  1,  December,  1368 ,  pp.  87-109 

12.  Welch,  L.  R.,  "Cross-Correlation  and  Quadratic 

Forms,"  Department  of  Electrical  Engineering, 
University  of  Southern  California,  Los  Angeles, 
California,  unpublished  notes 

13.  Trachtenberg,  H.  M.,  "On  the  Cross-Correlation 

Functions  of  Maximal  Linear  Recurring  Sequences," 
Ph.D.  Dissertation,  Department  of  Electrical 
Engineering,  University  of  Southern  California, 

Los  Angeles,  California,  January,  1970 

14.  Mattson,  H.  F.  and  Solomon,  G.,  "A  New  Treatment  of 

Bose-Chaudhur 1  Codes,"  Journal  of  the  Society  for 
Industrial  and  Applied  Mathematics,  Vol.  9,  No.  4, 
December,  1961,  pp.  654-669 

15.  Peterson,  W.  W.,  Error  Correcting  Codes,  The  M.I.T. 

Press  and  John  Wiley  &  Sons,  Inc.,  New  York,  1961 

16.  Dowling,  T.  A.  and  McEliece,  R.  ,  "Cross-Correlations 

of  Reverse  Maximal-Length  Shift  Register 
Sequences,"  Jet  Propulsion  Lab.,  Pasadena, 
California,  Space  Programs  Summary,  37-53, 

Vol.  Ill,  pp.  192-193 

17.  Carlitz,  L.  and  Uchlyama,  S.,  "Bounds  for  Exponential 

Sums,"  Duke  Mathematical  Journal,  Vol.  24,  1957, 
pp.  37-41 

18.  Pless,  V.,  "Power  Moment  Identities  on  Weight 

Distributions  in  Error  Correcting  Codes," 
Information  and  Control,  Vol.  6,  1963,  pp.  147-152 

19.  McEliece,  R.  J. ,  "Efficient  Solutions  of  Equations 

for  Decoding,"  Jet  Propulsion  Lab.,  Pasadena, 
California,  Space  Programs  Summary,  37-40, 

Vol.  IV,  pp.  216-218 

20.  Dickson,  L.  E.,  Linear  Groups  with  an  Exposition  of 

the  Galois  Field  Theory,  Dover  Publications,  Inc., 
New  York,  1958 

21.  Berlekamp,  E.  R. ,  Algebraic  Coding  Theory,  McGraw- 

Hill,  Inc. ,  New  York,  1968 


Kasami,  T.,  "Weight  Enumerators  for  Several 
of  Subcodes  of  the  2nd  Order  Binary  Reed 
Codes,"  Information  and  Control,  Vol.  18 
pp.  369-394 


Classes 

Muller 

1971, 


